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GENERALIZED FESENKO RECIPROCITY MAP

© K. I. IKEDA, E. SERBEST

The paper is a natural continuation and generalization of the works of
Fesenko and of the authors. Fesenko’s theory is carried over to infinite
APF-Galois extensions L over a local field K with a finite residue-class
field kx of ¢ = p’ elements, satisfying p,(K*®") C K and K C L C K,a,
where the residue-class degree [kr : £x] is equal to d. More precisely, for
such extensions L/K and a fixed Lubin—Tate splitting ¢ over K, a 1-cocycle

&) Gal(L/K) — K [Ny i L5 X Ug ey /Yiyrg

where Lo = LN K™, is constructed, and its functorial and ramification-
theoretic properties are studied. The case of d = 1 recovers the theory of
Fesenko.

Let K be a local field (that is, a complete discrete valuation field) with a
finite residue-class field kg of ¢ = p/ elements. Assume that pp(K5P) C K. We
fix a Lubin—Tate splitting ¢ over K (see [10]). In [1, 2, 3], Fesenko introduced
a very general non-Abelian local reciprocity map

O Gal(L/K) = Ug o [Vijk

defined for any totally ramified infinite APF-Galois extension L/K satisfy-
ing K C L C K,, which generalized the earlier non-Abelian local class field
theories of Koch-de Shalit [10] and Gurevich [7]. In [8], we studied the ba-
sic functorial and ramification-theoretic properties of the reciprocity map of
Fesenko.

In this paper, which is a natural continuation and generalization of [1, 2, 3]
and [8], we extend the theory of Fesenko to infinite APF-Galois extensions
L/K satisfying K C L C Ka, where d is the residue-class degree [xr, : Kx].
More precisely, for such extensions L/K, we construct a 1-cocycle,

<I><L‘j)K : Gal(L/K) = K* [Nig/x L§ < US o /Yy,

where Lo = LN K™, and study its functorial and ramification-theoretic prop-
erties. Note that the case where d = 1 recovers the theory of Fesenko.

Key words: local fields, higher-ramification theory, AP F-extensions, Fontaine-
Wintenberger field of norms, Fesenko reciprocity map, generalized Fesenko reciprocity
map, non-abelian local class field theory.
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The organization of this paper is as follows. In the first section, we briefly
review the necessary background material from Fontaine-Wintenberger theory
of fields of norms. In the second section, we introduce the generalized Fesenko

reciprocity map Q(L“;)K of an extension L/K that is an infinite APF-Galois
extension satisfying K C L C K ,a, where the residue-class degree [x7, : kx| is
equal to d, and study its functorial and ramification-theoretic properties.
The material and results of this paper play a fundamental role in our con-
struction of non-Abelian local class field theory [9], which generalizes also the

Laubie theory [11].

Notation. Throughout this paper, K will denote a local field (a complete
discrete valuation field) with finite residue field Og /px =: kx of qx = q = p’
elements, where p is a prime number; here Ok denotes the ring of integers in K
with a unique maximal ideal pg. Let v denote the corresponding normalized
valuation on K (normalized by v (K*) = Z), and let v be the (unique)
extension of v to a fixed separable closure K®*¢P of K. For any sub-extension
L/K of K*°P /| K, the normalized form of the valuation v |, on L will be denoted
by vr,. As usual, we let K™ denote the maximal unramified extension in K5P,
and K denotes the completion of K™ with respect to vgnr. We fix a Lubin—
Tate splitting o = @ over K. The fixed field of the Lubin-Tate splitting
¢ is denoted by K. Finally, let (WE)KcEC]% be the canonical sequence of
norm-compatible prime elements in finite subextensions £/K in K, /K. This
determines a unique Lubin—Tate labeling over K (see Subsection 0.2 in [10]).

Acknowledgements. The first author (K. I. T) is grateful to Institut de
Mathématiques, “Théorie des Groupes, Représentations et Applications”, Uni-
versité Paris 7, Jussieu, Paris, France, and to the School of Pure Mathematics
of the Tata Institute of Fundamental Research, Mumbai, India, where some
parts of this work were completed, for their hospitality and support.

The second named author (E. S.) is grateful to TUBITAK for a fellowship,
and to the School of Mathematics of the University of Nottingham, where
some parts of this work were iniciated, for hospitality and support.

Both of the authors would like to thank I. B. Fesenko for his interest and
encouragement at all stages of this work.

§1. Preliminaries on Fontaine—Wintenberger field of norms

For a brief review of AP F-extensions and Fontaine-Wintenberger field of
norms, we refer the reader to [8], and for detailed proofs to [5, 6, 12].

Let L/K be an infinite, Galois, arithmetically profinite (in short APF)
extension such that the residue-class degree [k, : K| is equal to d and K C
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L C K ,4; in the terminology of Koch-de Shalit in [10] and Laubie in [11], L is

compatible with (T, ), where T denotes the intersection field LNK,. Note that,

in general, T/ K is not a normal extension! We denote LSK) =LNK" = K}J".
If no confusion is possible, we denote LSK) simply by Lg. So, we have the

following diagram:

Ksep

K@d

Knr Ktp

—
e

nr
Kd

K

Remark 1.1. Note that ¢/ = ¢? is a Lubin-Tate splitting over Ly = K"
Therefore, by Proposition 1.2.3 in [12] or by Lemma 3.3 in [8], L/L¢ is an
infinite totally ramified APF-Galois extension satisfying Ly € L C (Lg)y .
Thus, the Fesenko theory developed in [1, 2, 3] and [8] works for the extension
L/Lo.

Since L/T is an unramified extension, the following statement is true.

Lemma 1.2. The field of norms X(L/Lg) is an unramified extension of the
field of norms X(T/K).

Proof. In fact, there exists a natural isomorphism X(L/Lg) — X(L/K) that
identifies X(L/Lo) and X(L/K) (see Subsection (5.6) of Chapter III in [4]).
Now, X(L/K) is a Galois extension of X(7'/K) with the corresponding Galois
group isomorphic to Gal(L/T) (see [8] and [12]). Since kx(r k) =~ k1 and
Kx(T/K) = K, it follows that

[5x(r/ 1) * Bx(r/10)] = [X(L/K) : X(T/K)],
because L/T is an unramified extension, which proves that X(L/K) is an
unramified extension of X(7T'/K). O

Now, since the Lubin-Tate splitting ¢ over K is fixed, the element I 7/ =
(re)kcrcr € X(T/K) is a canonical prime element of the local field X(T'/K).
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Thus, by Lemma 1.2, II,,7 g is a prime element of X(L/Lg) as well. Moreover,
the following is true.

Lemma 1.3.
ok = Wy, (1.1)

Proof. Indeed, for the Lubin-Tate splitting ¢’ = % over Ly = KJ", there
exists a unique element (7r,5)L,cLoEcL,T=L € X(L/Lg). Since LoE/E is an
unramified extension, it follows that my g = 7g for each K C E C T. Thus,
(1.1) is fulfilled. O

The completion X(L/K) of the maximal unramified extension X(L/K)™"
of the field of norms X(L/K) is identified with the field of norms X(L/K) =
X(L/Ly).

§2. Generalized Fesenko reciprocity map

The main references for this section are [1, 2, 3] and [8§].

Fix a Lubin-Tate splitting ¢x = ¢ over K. Our aim in this section is to
generalize the reciprocity map @%}K of Fesenko, see [1, 2, 3] and [8], defined
for infinite totally ramified AP F-Galois extensions M /K satisfying K C M C
K. to infinite APF-Galois extensions L/K with residue-class degree [ky, :
kK| = d and satisfying K C L C Ki. In what follows we shall keep the
notation introduced in [8] and in the preceding section.

We recall that, for the extension M/K as above, the diamond subgroup

U}ig(M/K) of the group U§§(M/K) of units in the ring of integers of X(M/K) is
defined by

o _ -1

X(M/K) Prf( (UK) ’

where Pry : UX( — Uj: denotes the projection map on the K-coordinate

with residue-class degree [r, : kK] = d and satisfying K C L C K, the
diamond subgroup U§ of the group UX( of units in the ring of integers

M/K)
More generally, for a given infinite APF-Galois extension L/K

N N (L/K) L/K)
of X(L/K) = X(L/Lg) can be defined naturally as follows.

. N
Definition 2.1. UX(L/K) . oup Uy
ring of integers of the local field X(L/K) whose K = Lg-coordinate belongs
to Ur,. That is,

is the subgroup of the group UX( ) of units in the

2 =Us
X(L/K) X(L/Lo)"
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In Fesenko’s theory, which was described in [1, 2, 3] and in detail in §5 of
[8], an arrow QSS\(;}K was defined for the extensions M/K, where M/K is a

totally ramified APF-Galois extension satisfying K C M C K,. Now, as a
first step, we generalize this arrow to infinite AP F-Galois extensions L of K
having residue-class degree d and satisfying Kj" C L C K 4, and construct a

generalized arrow ¢(L(p/)K for such extensions L/K as follows. There exists an
isomorphism
Gal(L/K) = Gal(L¢/K) x Gal(L/Lg) (2.1)
defined by
o (0 |5y, Mo) (2.2)
for every o € Gal(L/K), where o |,,= ¢™ for some 0 < m € Z.

Remark 2.2. (i) Let M/K be a Galois subextension of L/K. Let My =
M N K". Then, the square

Gal(L/K) —— Gal(Lo/K) x Gal(L/Lg)

rele (resasg,resns)

Gal(M/K) —— Gal(My/K) x Gal(M /M)
is commutative. Now, for o € Gal(L/K), we can find 0 < m,m’ € Z such that
0 o= ¢™ and (¢ |n) |my= ¢™. Thus, o™ |p,= ¢ |a, and the identity
(¢™™0) |p= @™ (0 |ar) is satisfied.

(ii) Let F/K be a finite Galois subextension of L/K. Suppose LSK) =

LN K" and LSF) = L N F™. Then, the square

Gal(L/F) —— Gal(L{"/F) x Gal(L/Ly")

inc'i (resL(()K) ,inc.)

Gal(L/K) —— Gal(L{") /K) x Gal(L/ L))
is commutative. Now, for any o € Gal(L/F), we can find 0 < m, m’ € Z such
that o |, (m= ¢F and o | )= @ﬁ/. Thus, ¢ |, 0= @7 and the identity
0 0 0
opo = @;(m/o is satisfied.

By Proposition 1.2.3 in [12] or by Lemma 3.3 in [8], L/ Ly is a totally ramified
APF-Galois extension with Ly C L C (Lo),, where ¢’ = % is a Lubin-Tate
splitting over Ly by Remark 1.1. Thus, the map

¢5:‘9/)K : Gal(L/K) — K™ [Ny, /gLy % ng(L/K)/UX(L/K) (2:3)
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can be defined by

¢(L(p/)[((o-) = (W%-NLO/KL(;(a (UE)UX(L/K)) , (2.4)

where ¢ € Gal(L/K) is such that o |r,= ¢™ for some 0 < m € Z, and

U=(ug) € Us(L/L0) satisfies

1—¢? _ ™ mo)—1
U o Hw’;L/Lo ’
where T1 /.7, /1,, is the canonical prime element of the local field X(L/Lg), which
is the canonical prime element II .7/ 5 of the local field X(7T'/K) by Lemmas
T/
1.2 and 1.3. Thus, (2.5) can be reformulated as

(2.5)

1—p? _ o1
Uu-—¢ _H;';L/Lo’ (2.6)
because HZ;T/K = ly.7/x. Moreover, the solution U = (“E) € UX(L/LO)’
which is unique modulo Uxz, k), satisfies Prr,(U) = uz, € Ury. In fact,

Prr,(Tly.1/1,) = T by Lemma 1.3, whence PrLO(HZZi/LO) =715 = 1g.

_pd _ . _pd
Hence, Pry, (U'=%") = PrLo(HZ/;é/LO) = 1k yields ulzo‘p = 1k, so that uz €

UL, because Lo N (Lo)yr = Lo. Now, it follows that Prr,(U) = ug € UL,.

Thus, U = (uz;) belongs to U}ig(L/K), by Definition 2.1.

Remark 2.3. We can reformulate the definition of the generalized arrow
¢(L‘P/)K : Gal(L/K) — KX/NLO/KL(;( X U}%(L/K)/UX(L/K)

for the extension L/K as follows:

(o) = (TRNpo L 6], (97" 0) )
for every o € Gal(L/K), where o |,,= ¢™ for some 0 < m € Z.

There is a natural continuous action of Gal(L/K) on the topological group
K* /Ny kLg% Ug“;(L/K)/UX(L/K)a defined by Abelian local class field theory

on the first component and by formulas (5.5) and (5.7) in [8] on the second
component:

(@0)" = (aw’",ﬁw’m") - (a, UW’““> (2.7)
for every o € Gal(L/K), where o |1,= ¢ for some 0 < m € Z, and for every

a € K* with @ = a.Np /gLy and every U € U§(L/K) with U = UUx(L/K)-
Below we shall always view K* /Ny /xLg X U§( )/UX(L/K) as a topological

Gal(L/K)-module.

L/K
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Theorem 2.4. Let L/K be any infinite APF-Galois subextension of K a/K
with residue-class degree d. Then the generalized arrow

¢(L‘0/)K : Gal(L/K) — K*/Niy kLo < Ug ;e /Ux(ny )

defined for the extension L/K is an injection, and for every o,7 € Gal(L/K),
the cocycle condition

8 (07) = B ()84 (1) (28)
is satisfied.

Proof. The injectivity of the arrow (2.3) defined by (2.4) is clear from the
canonical topological isomorphism (2.2) combined with Abelian local class

field theory and Theorem 5.6 of Fesenko in [8]. More precisely, let ¢(£O/)K(0') =

(7% (ug)), where d | m and (ug) € Ux(r/1o) = Ux(r/K)- Since d | m, the
action of ¢ is trivial on L. Since (uE)‘Pd*1 = (1) = H;fi/Lo, o acts trivially

on the prime elements of finite subextensions between Ly and L. Thus, o is
the identity element of Gal(L/Lg). Now, for 0,7 € Gal(L/K), with o |,= ¢™
and 7 |,= ¢" for some 0 < m,n € Z, we can use the alternative definition of

the generalized arrow ¢(L(9/)K, introduced in Remark 2.3, to show that

B (07) = (T Ny i L 851 (07 ™ o))
= (05 Nig i L) (7N kL), 6550, (07 0)0 ) (977)7 ")
= (7R Npy L 850, (6770) ) (w5 Npo e I 67, (970"
= 811 ()8 (1)
by [8, Theorem 5.6] and by the definition of the action of o € Gal(L/K) on
8 (1) € KX [Ny L < US (150 Ui/ ), defined by (2.7). O

Now, we immediately arrive at the following result.

Corollary 2.5. Let a law of composition x be defined on im(¢5§p/)K) by

_ _ I (O BN
@0) * (5, V) = (@b, TV ) (2.9)

for (@, U), (b,V) € im(qS(LL‘;)K), where @ = a.Np /Ly and b= b.Ny /xL§ €
K*[Np,kLg with a,b € K*, and forU = U.Ux(r/ k) and V = V.Ux k) €
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L/K /UX (L/K) with U, g/ € UO(L/K)

under %, and the map ¢L/K induces an isomorphism of topological groups

Then im(¢5§p/)K) is a topological group

8 )+ Gal(L/K) = im(¢7)), (2.10)

where the topological group structure on im(qS(LL‘;)K) is defined with respect to
the binary operation * defined by (2.9).

Recall that, for any infinite APF-Galois extension L/K and every —1 <
u € R, the uth higher ramification subgroup Gal(L/K), of Gal(L/K) in lower
numbering is defined by

Gal(L/K), = Gal(L/K)‘PL/K(U)’

where —1 < ¢y /g (u) € R is the number defined by formula (3.1) in [8], and

that, as usual, the ¢ x (u)th higher ramification subgroup Gal(L/K)‘pL/K(“)
of Gal(L/K) in upper numbering is defined to be the projective limit

Gal(L/K)?r/<t) = lim  Gal(F/K)#r/e(),
KCFCL

see [8, (2.1) and (2.2)]. Now, let E/K be a Galois subextension of L/ K. Then,
finite Gal.

—_——f—

for any chain of field extensions K C F C F' C L, the square
——
finite Gal.

tE p(on e (w)
Gal(F’/K)‘PL/K( )% Gal(F' N E/K)wL/K( u)

tII::,(‘PL/K(U))l ltgﬁﬁE (o x (1))
trnp(Pn Kk (w)
Gal(F/K)®#u/x () e e Gal(F N E/K)¥r/)

(2.11)

is commutative. Thus, passing to the projective limits, we see that there exists
a continuous group homomorphism

ti(or/c(w) = Hm tiop(er/x(u) : Gal(L/K)#r/K)
KCFCL (2.12)

— Gal(E/K)#r/x @),

which is essentially the restriction morphism from L to E. This morphism
is a surjection, because the objects in the respective projective systems are
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compact and Hausdorff. Furthermore, the square

Gal(L/K) s s Gal(E/K) (2.13)

inc.T Tinc.
L

t
Gal(L/K)‘PL/K(u) M) Gal(E/K)LpL/K(u)

inc.T Tinc.
tL u’

’ E(‘PL/K( ) ’
Gal(L/K)#r/xW) ——— Gal(E/K)#r/x @)

is commutative for every pair u,u’ € R>_; satisfying u < u/. Here, the arrow
rk : Gal(L/K) — Gal(E/K) is the restriction map. Therefore, we arrive at
the following result.

Lemma 2.6. For 0 < u € R, the topological isomorphism defined by (2.1) and
(2.2) induces a topological isomorphism

Gal(L/K)y ~ Gal(Lg/K)?/x W x Gal(L/Lg)#r/x® (2.14)
OdL0>
defined by
o (th (o1 W) (@), 970 ) = (ids,,0) (2.15)

for every o € Gal(L/K), with o |r,= tfo(tpL/K(u))(a) = "™ |1, for some
0 <m € Z satisfying d | m.

Proof. Note that, for 0 < u € R, Gal(Lo/K)?"/%® is the trivial group
< idg, >, because Lo/K is a finite unramified extension. Thus, for o €
Gal(L/K),, by the commutativity of the diagram (2.13) we have

t2,(or/ (w)(0) = 0 [1,= idz,,
and in return

o (idLO,go_mo) = (idg,,0),
where o |p,= idr, = ¢™ |1, for some 0 < m € Z satisfying d | m. Since L
is fixed by ¢?, we have p~™0 = o, so that (idz,, p ™) = (idz,, o). Now,
the injectivity of the morphism (2.14), defined by (2.15), is clear from the
commutative square (2.13) and from the injectivity of the arrow defined by
(2.2). Thus, it suffices to prove that this morphism is a surjection, which follows
from the triviality of Gal(Lo/K)#2/x®) for 0 < u € R, and from the fact that
Gal(L/K), = Gal(L/Lg)¥r/x®), O
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Now, L/Lg is an APF-Galois subextension of L/K by part (i) of Lemma
3.3 in [8]. Let @1z, : R>—1 — R>_; be the Hasse-Herbrand function corre-
sponding to the APF-extension L/Ly defined by relation (3.1) in [8], which
is piecewise-linear and continuous. So, there exists a unique number w =
w(u, L/K) € R>_1 depending on u, satisfying ¢,/ x(u) = ¢r,1,(w), and such
that

Gal(L/Lg)?/x ™) = Gal(L/Lg)?"/"0 ") = Gal(L/Lg).

Thus, Lemma, 2.6 can be reformulated as follows. The topological isomorphism
defined by (2.1) and (2.2) induces a topological isomorphism

Gal(L/K)u ~ <idL0> X Gal(L/LU)w(u,L/K)

for every 0 < u € R.

For each 0 < 7 € R, we consider the ith higher unit group U%%(L/K) of the
field X(L/K), and introduce the group
i .
S _rro
(Vi) = Vsiwsmy " Uiy (2.16)

Now, the Fesenko ramification theorem, stated as Theorem 5.8 in [8], has the
following generalization for the generalized arrow ¢S.jp/)K corresponding to the

extension L/K that is an infinite AP F-Galois subextension of K ./K with
residue-class degree [k, : kK] = d.

Theorem 2.7 (Ramification theorem). For 0 < u € R, let Gal(L/K), denote
the uth higher ramification subgroup in the lower numbering of the Galois
group Gal(L/K) corresponding to the infinite APF-Galois subextension L/K
of Kya/K with residue-class degree [k, : k] = d. Then, for 0 < n € Z, we
have the inclusion

(¥)
¢L(p/K <Ga’1(L/K)1/1L/K°<PL/LO(“) B Gal(L/K)wL/KOWL/LO(“Jrl))
Sy

X << %(L/K))n Ux(r/ )/ Ux(L/K) = <U§(L/K)>

Proof. We start with the following general observation. Let 0 < u € R. Let
7 € Gal(L/K), = Gal(L/L)#*/%™_ Then, by the definition of the generalized

arrow ¢(LL‘;)K reformulated as in Remark 2.3,

n+1
UX(L/K)/UX(L/K)> -

k(1) = (7R Nig L 8], (6777))
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where 7 |r,= ¢™ |1, for some 0 < m € Z satisfying d | m, because 7 €
Gal(L/K), and 7 |,= tfo(goL/K(u))(T) € Gal(Lo/K)#r/x) = (idy,). Thus,

(¥) _ ) (-
¢L§0/K(T) - (1KX/NLO/KLS<’¢L§0/LO(QD mT)) )
as m = dm’ and thereby ﬂ}l(m/NLO/KLOX = Npoxly = 1KX/NL0/KL8<’ because

!
N,/ k7 = mg. Therefore, we have

BT = (Viex g 457(7)

Indeed, =7 = 7 in Gal(L/Lo) because d | m and L C K .

Now, to prove the theorem, we put u = ¢,k © ¢r,1,(n) and u = Y1)k ©
¢1,/1o(n +1). Then, for any 7 € Gal(L/K), — Gal(L/K),/, the Fesenko ram-
ification theorem (see [8, Theorem 5.8]) shows that the second coordinate of

¢S.:p/)K (1) satisfies

¢(L@/20(T) < < %(L/K))n Ux(z/k)/Ux(p/Kx) = (ng(L/K))nH Us(r )/ Ux(z/K)>
because
Gal(L/K), = Gal(L/Lg)#t/x™ = Gal(L/Lg)?%/%™ = Gal(L/Lg)n
and likewise
Gal(L/K), = Gal(L/Lg)?z/x (™) = Gal(L/Lg)?/t0™+) = Gal(L/Lo)pt1,
which completes the proof. ]

Now, let M/K be an infinite Galois subextension of L/K. Thus, by [8,
Lemma 3.3], M is an APF-Galois extension over K. We further assume that
the residue-class degree [k : £k] is equal to d' and K C M C K@d, for some
d | d. Let

$31)ic + Gal(M/K) — K [Nujy kMg x UZ o Usuayi

be the corresponding generalized arrow defined for the extension M /K. Here,
My=MNK" =K}/ .
Let
KcL,=E,CE,C---CE;C---CL
be an ascending chain satisfying L = | J,;cz Fi and [E; 41 : E;] < oo for every
0<3e€Z. Then B

KCM,=E,nMCE,NMC-..CE,NMC-..CM
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is an ascending chain of field extensions satisfying M = |J (E;NM) and also
0<ieZ

[Eit1 N M : E;NM] < oo for every 0 < 4 € Z. Thus, we construct X(M/K)

by the sequence (E; N M )p<jcz and X(M/K) by the sequence (E NM)o<icz.

Observe that E; "M # E; for every 0 < i € Z. Furthermore, the commutative

square

(<Pd/)l]in/Eili
0<tsf(L/M)

N .
—~— X EZ.,FWM/EIQM —~—

ENM S E,NM

for every pair 0 < 4,4’ € Z satisfying ¢ < 7/, induces the group homomorphism

Ny = lim H (") N, monr |+ X(L/K) — X(M/K)*
0<i€Z \0<e<f(L/M)
(2.17)
defined by
Nijar <( )0<z€Z) = IT @) 'Neysomleg,) ,  (2.18)

0<E<f(L/M) 0<ieZ

for every (ag )o<icz € X(L/K)*.
Remark 2.8. The group homomorphism
N : X(LJK)* — X(M/K)*

defined by (2.17) and (2.18) does not depend on the choice of the ascending
chain

KcL,=FE,CE,C---CE;C---CL
satisfying L = Ug<;cz Ei and [Ej11 @ Ej] < oo for every 0 <i € Z.

Remark 2.9. For 0 <i € Z, let E(E M)~ BN (E; N M)™ be the maximal

unramified extension of E; N M 1ns1de E;. To simplify the notation, we put
Eio=E,N(EN M)"T Then the Galois group Gal(E;o/E; N M) is cychc of
order f(L/M) = d/ and is generated by ¢¢. Thus, for a € E;,

oo (F(L/M)=1)
Ng,/minm (@) = NE,'/EmM(O‘)l—Hp ! .

The basic properties of this group homomorphism are listed below.
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() U = (ug)osiez € Uy, ) then Npyn(U) € Ug -

Proof. Indeed, using the definition of the valuation vg % of X(M/K) and

M/K)

the definition of the valuation vg % of X(L/K), we obtain

L/K)

X(M/K) < L/m( ) = YX(M/K) (( H (‘Pd/)ﬂﬁEi/EmM(uﬁl)) )
0<ieZ

0<ESF(L/M)

( )%@) > e (M)

0<E<f(L/M)

I/\

0<t<f(L/ )
because vz ) =vi(ug) for £ =1,---, f(L/M) — 1, and

VSE(L/K)(U) =vi(ug) =0,

because U € U X(L/K)"

(ii) If U = (ug, )o<ien € UL then A7/ (U) € US

X(L/K)’ X(M/K)’

Proof. Note that E[] = K and Mg = K. Now, the claim follows from the
observation that

Prf((U) =ugp € UL,

and
Prg (Mem@) =TI 6")'Neyjpaon(ug,)
0<e<H(L/M)
= H (‘Pdl)euf( = Ng,/B.nm(ug) € Ungy.
0<L<f(L/M) ]

(iii) IftU = (UEi)OgiGZ S UX(L/K)a then ./\N/’L/M(U) € UX(M/K)-
Proof. This follows from the definition (2.18) of the homomorphism (2.17),
combined with the fact that

)1+(pd’+...+(pd,(f(L/M)—1)

NEi/EiﬂM(uEi = NEZ-/EmM(UEi)

for every up, € Ug,; and every 0 <i € Z, by Remark 2.9. O
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~ d’ d'(f-1 ~ d fqpd (f-1)
Observe that Ng, /g, _, <a1+‘ﬂ +otpd )> = N,/ (a)1+<p +-tp

for any o € E; with 1 < i € Z, where f = f(L/M). Thus, we can define a
homomorphism

(@) par + X(L/Lo)* — X(L/Lo)* (2.19)
by the rule
d 4ogpd (f-1)
Wi (08 (a4 (2.20)
LM EiJo<iez B 0<icz
for every (aE')0< ; € SNQ(L/LO)X. The basic properties of this group homo-
i <ie

morphism are listed below.
(i) (@ r/m <U§g(L/LO)) S Ux(1/10)"

Proof. Indeed, the definition of the valuation vg % of X(L/Lg) shows that

L/Lo)

> ( 14 4ot o (f(L/M)—1)>
L/M L/Lo) \ Y7,
YR /10 \F 0<iez

(9
- <u}{ o o’ (F(L/M)— 1)> _ Z ve <(<pd/)é(uf())

0<e<f(L/M)

= vi(ug) =0,
0<E<f(L/M)
because vz <(god/)l(ul~()) =vi(up) for £ =1,---, f(L/M) — 1, and
(L/K)(U) VK(uf() =0,

because U € U X(L/K)"

" o o
(i) )z /ar <UX(L/LO>) < Viwtoy
Proof. Note that Ly = K. Now, the claim follows from the observation that
Prf((U) =ug € ULO

and
1 "(f(L/M)=1)
Pry; ((ehpyar (U)) = w49

= H (Sodl)euf( = NEO/EomM(Uf() € Unp C Uy,
0<L<f(L/M)
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(ii)) (@) (Ux(L/L0)) S Ux(L/Lo)-
Proof. Clearly, for U = (ug; )o<iez € Ux(r/1,) We have
d g pd (F(L/M)=1)
rpm (U) = (UE@ e Jo<iez € Ux(r/1,)
because ug, € Ug, for every 0 <i € Z. O
Thus, there exists a group homomorphism
N o (@) X(L/K) — X(M/K)* (2.21)
satisfying
(i) Npjaro (‘P>L/M (UX(L/K)> C Uz X(M/K)?
.e Y O O
(11) NL/M © <<P>L/M (USE(L/K)> U (M/K)

(iii) /\7L/M o (@) m (Ux(r/r)) S Ux(m/)-
Now, we introduce the Coleman norm map

Coleman .
NL/OZ& i U;%(L/K)/UX(L/K) - UF%(M/K)/UX(M/K) (2.22)
from L to M by
NERT™NT) = Npjar o o) pyar (U)-Usar i) (2.23)

for every U € U , where, as before, U denotes the coset UUx( k) in

X(L/K)
UX(L/K)/UX(L/K)

Lemma 2.10. For an infinite Galois subextension M/K of L/K such that

the residue-class degree [knr : kK] is equal to d' and K C M C K o for some
d' | d, the square

)
L/Lg

Gal(L/Lo) ——= U3 ).,/ Ux(L/L0) (2.24)

A/Coleman
reSMJ o) \LNL M
©
¢

Gal(M/MO) M/MO UO(M/M /UX M/Mo)
where the right-vertical arrow is the Coleman norm map NCOleman from L to
M defined by (2.22) and (2.23), is commutative.

Proof. For o € Gal(L/Ly), we have resy/(0) = o |y € Gal(M/My), because
LinM =LNK"NM=MnNK" = M,. Now, for any o € Gal(L/Ly), in

d
accordance with the definition, we can write ¢(L“;L)O(o) = Uy.Ux(1,/1.4), Where
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-1
Us € US%(L/LO) 4L/ Lo

commutativity of the square, it suffices to check that

A
satisfies the equation Uy, ¥ = H; . Thus, to prove the

o d' 4oogpd (F(L/M)—1)
NL/M(UaH—w Fte )EUa\M (mod UX(M/MO))a

o . 11— olu—1 .
where Uy, € (M Vo) satisfies UU‘M = H@d,;M/MO. By Remark 2.8, without

loss of generality we can fix a basic sequence (cf. [8])
Ly=EyCcE,C---CE;C---CL,

where

(i) L= Uogiez Ei;

(ii) E;/Ly is a Galois extension for every 0 < i € Z;

(iii) Ej+1/E; is cyclic of prime degree [E;y; : E;] = p = char(kr,) for each

1<iec

(iv) E1/Ey is cyclic of degree relatively prime to p.
Thus, each extension F;/Lg is finite and Galois for 0 < i € Z. Now, we note
that

~ d A (L MY=1) 1 d ~ _d ~ . d
Ny (ULHe+te T = N (Ue)4 = Ny (U9,

. 1—pd - . . .
Since U, ¥ = H;d;lL/Lg’ setting U, = (Ugi)OSieZa for 0 <1 € Z we obtain

! ! !
-~ 1o ot (FL/M)=1) (] pd
N (U787 )i

! !
Y o—1 o o—1\14+p% 4 fpd (f(L/M)—1)
= Ni/um <H@d;L/LO>Z, = Ng,/minm (g, )

o o—1y _ _olm—1
= NEi/EimM(ﬂ-E,’ ) = TEnM -

7 1— d’ _ O"Mfl . .
It follows~that Negar o () p i (Us)' % = and/;M/Mg’ which yields the con-
gruence N s o <<,0>L/M (Us) = Uy, (mod Usx(ar/ngg))- This completes the
proof. O

We arrive at the following theorem.

Theorem 2.11. For an infinite Galois subextension M /K of L/K such that
the residue-class degree [kpr @ kx| is equal to d and K C M C K@d/ for some
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d' | d, the following square is commutative:

¢(4P)
Gal(L/K) — K* [Npo i Lg x Ug o [Us(n i)

resMJ l( g NLC;’]{;‘HM)
¢(‘F)

Gal(M/K) =25 K™ [Nagy e Mg US vy ey Uy,

where the right vertical arrow

( CFT NColeman)

€Lo/MoYVL/M

KX/NLO/KLOX X ng(L/K)/UX(L/K) KX/NMO/KMUX
x US%(M/K)/UX(M/K)

is defined by the rule
(e R NERT™) + (@,0) v (558, @), N Rl (T) )

for every (@, U) € K* /Ny, /gLy % U Ux(r/x)- Here,
o/ (L/K)-

X(L/K)
egE/TMo I(X/JVLO/KL(;< - KvX/NvMO/K]MU><

is the natural inclusion defined via the existence theorem of the local class field
theory.

Proof. By the isomorphism defined by (2.1) and (2 2), for any o € Gal(L/K)
there exists a unique 0 < m € Z such that o |r,= ¢™ and ¢~"0 € Gal(L/Ly).
By the definition, we have

d
() = (TRNLy kL 6 (970))
Thus,
d
<€SOF/TMOaNCOIeman) <7T?NL0/KL6<7¢(L@/L)O(‘;0_mJ))
d
= (e (TR N 1 L) N (847 (97 7)))
— mN M>< (@d,) —-m
TRV My /K Vg ’¢M/Mo(90 o |n)
by Lemma 2.10. The existence theorem of the local class field theory yields

egoF/TMO(W?NLo/KLoX) = TR N e M = 7% Nagy e MY
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where 0 < m/ € Z is a unique integer satisfying (o |a) |p,= 0 [, = ¢ and

o™ (0 |pr) € Gal(M/Mj). Hence,
( CFT NColeman) (¢(<P) (U)) _ 7Tm,N MX ¢(§0d') ( —-m ‘ )
€Lo/Mo* L/K K Mo/KMo s Pppypg\ P 0 1M

_ m' ar MX (v?) —-m/ _ 40
Tk Nt/ k Mg s $ypin, (9™ (0 (1) ) = &) s (resar (o)
by Remark 2.2, part (i), which completes the proof. O

Now, let F'/K be a finite subextension of L/K. Thus, L/F is an infinite
APF-Galois extension (see Lemma 3.3 in [8]). We fix a Lubin-Tate splitting
op over F and assume that the residue-class degree [k : k] is equal to d’ for
some d' | d, and that there exists a chain of field extensions

FCLCF(@F)d/.

Thus, we have the generalized arrow
F X
¢L/F Gal(L/F) — F*/N, F)/FL( A US 1)/ Uiy

corresponding to the extension L/F. Here, as usual, L(()F) is defined by LSF) =
LN F" = F}". Observe the following diagram of field extensions:

L

totally ramlﬁed \F) Fl<
[L(K) K] <oo %K

Thus, L/LSF) and L/LSK) are infinite totally ramified AP F-Galois extensions,

by Lemma 3.3 in [8], and we have L(()F) CLC <L8F)> , and LSK) CcLC

PR
(£8") "
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Remark 2.12. Note that LSF) is compatible with (LSK), ¢, u<)) in the sense
0

, FLE) LU
of [10, pp. 89], where ¢, ¢ = ¢ Thus, P = oh = <PL((K% MR =t
0

because LEF)/LSK) is totally ramified.

For the extension L/ LSF), we fix an ascending chain

) =F,crhRc...cFc. cL

satisfying L = Uogiez F; and [F;41 : F;] < oo for every 0 < i € Z. Following
[8] we introduce a homomorphism

Apji s (/L) = R(L/LT)~ (2.25)
by
Ap/k : (ar Ve ap Ney/r o)
: 0 1
N, (F) ,,(5) N N
~ L /L / /
= (N 00 (0m) " ——"— am = ap, =) (220)

for each (ap)gcics € X(L/L(()F))X. This homomorphism induces a group ho-
momorphism

Mok Ui/ Vs = Vawngoy Vrangey - (220
defined by
for every U € U?Z(L/LBF))’ where the symbol U denotes the coset U.UX(L/LE]F))

RN .
in UX(L/LEF))/UX(L/LSF)) (see [8] for the details).

Lemma 2.13. Let F/K be a finite subextension of L/K. Fix a Lubin-Tate
splitting pp over F. Assume that the residue-class degree [kr, : k] is equal to

d and F C L C Fpyar for some d' | d. Then the square

(%)

(), 7 e U
Gal(L/LS) = U3 1oy / Vs (2.29)

inci ¢(w§() l/\F/K

(1), “40 e JU
Gal(L/Ly ") — “g@/r{/ “x@/ry
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where the right vertical arrow
Ari Ug g r o/ Yoy = Ui ngoy/ Vs ngo)
is defined by (2.27) and (2.28), is commutative.
Proof. Look at the proof of Theorem 5.12 in [8]. O
We arrive at the following theorem.

Theorem 2.14. Let F/K be a finite subextension of L/K. Fiz a Lubin-Tate
splitting wp over F. Assume that the residue-class degree [kr : Kp] is equal
tod and F C L C F o for some d | d. Then the following square is
commutative:

(er)

Gal LIF, o (") pre
inc. l(NF/Ks)\F/K)
i ()" e

where the right vertical arrow
)X
(NF/ks AR/K) =FX/NL(()F)/FL§] " x U 1y Ux(r/p)
K X
— KX/NLSK)/KL(() ) X U%(L/K)/UX(L/K)
is defined by
(Np/k: Arj) : (@, U) — <NF/K(a)a AF/K(U)>
X
for every (a,U) € F* /N, p)/FL(F) X US%(L/F)/UX(L/F)'
Proof. Let 0 € Gal(L/F). There exists 0 < m € Z such that o ]L(F)z R
0
and p,"0 € Gal(L/LgF)). Now,

8700) = (N 2 6K () )
and
(Nepe: Ar ) @5 @) = (w15 6K (001 )

by the norm-compatibility of primes in the fixed Lubin-Tate labeling and by
Lemma 2.13. There exists 0 < m’ € Z such that o |Lf)K): cp’}}/ and gol_(mla €
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Gal(L/LgK)). By part (ii) of Remark 2.2, it follows that ¢f | 1= @7 and
0

-m __ _ _—m N N . MmN L(F)X m’N L(K)X _
pp'0 = g 0. Now, Ny o 7Ny oLy = T N Lo
ﬂ?{l.NL(K)/KLSK)X by the Abelian local class field theory. Thus,

0
(Ve e A a0) @5 0)) = (w167 6K (om0
! (¢4
= (78 Ny 20 7 (o) ) = B0,
which completes the proof. ]

Let L/K be any APF-Galois subextension of K i/K, where the residue-
class degree is d. If L/K is assumed to be a finite extension, then the K-
coordinate of the generalized arrow ¢(LL‘;)K : Gal(L/K) — K*/Npg /gLy %
U L/ K) /UX (/K) is the Twasawa-Neukirch map ¢7,) g of L/K (for the details
on the Iwasawa-Neukirch map ¢z of the Galois extension L/K, see [8, §1]).
More precisely, we have the following statement.

Proposition 2.15. Define a homomorphism
p: KX/NLO/KLUX X U%(L/K)/UX(L/K) — KX/NL/KLX (2.31)
by
p: (i, (ug)) = gk Ny i (ug,) mod Np xL* (2.32)
for every (n, (uz)) € K*/Npyk Ly % U}%(L/K)/UX(L/K)' Then the composite

map

P°¢(L¢/)K =lL/K

¢ ‘F)
Gal(L/K) =5 K* /Ny Ly x U2 )/ Ux (L/K) —— K* Ny g L*
(2.33)
is the Twasawa—Neukirch map i1/ Gal(L/K) — K* /Ny /x L* of L/K.

Proof. We follow §1 in [8] to briefly recall the construction of the Iwasawa—
Neukirch map

vk : Gal(L/K) — K* /Ny g L™
for the Galois extension L/K. For every o € Gal(L/K), we choose o* €
Gal(L""/K) in such a way that

(i) o* |r=0; and
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(ii) o™ |gnr= ¢" for some 0 < n € Z.
Let Yy« be the fixed field (L") of o* € Gal(L™/K) in L™. Tt is well
known that [¥,« : K] < oo. Now, the map ¢7,/x : Gal(L/K) — K* /Ny g L*
is defined by i1,x(0) = Nx_./k(7s,.) mod Np,gL*, for o € Gal(L/K),
where 7y _, denotes any prime element of ¥,+. Thus, for a finite APF-Galois
extension L/K satisfying [k, : k] = d and K C L C K, it suffices to prove
that, for 0 € Gal(L/K),

P°¢(L(p/)K(U) =)k (0) = Nx_./k (s, .) mod Ny gL*,

where 75, denotes any prime element of ¥,«. For 0 € Gal(L/K), there exists
0 <m € Z such that o |r,= ¢™ and 7 = ¢~ "0 € Gal(L/Lg). Thus, 0 = ¢"7.
Case 1: m > 0. In this case, it suffices to prove that

d
T NLy K <PTZO(¢(L@/L)O(<P7"ZU))> = Ny_./k(7s,.) mod Ny gL*,

where 7y, denotes any prime element of ¥,+. To prove this relation, we choose
o* € Gal(L""/K) such that

(i) o™ 1= o3

(11) o* |Knr: (2}
Indeed, let o* = @™ |pnr 7%, where 7 € Gal(L""/Lg) is defined uniquely by
the conditions 7* |= 7 and 7* |gnr= idgnr, because L"" = LK™ . Note that,
for ¥ = 3,+, ¥y = XN K" is a finite extension of degree [¥ : K] = m over
K, because ¥y coincides with (K™)%", the fixed field of o™ € Gal(K™ /K)
in K™. Since L is fixed by ¢%, T'= L N K, is an unramified extension of
degree d. Thus, the prime element 7r is a prime element of L and of L"".
Now, choose a prime element 7y, of . It is well known that X" = L"" (see
§2 in Chapter 4 of [4]). Thus, 7y is a prime element of L"". So, there exists a
unit v € L™ C L such that s = mrv. Note that ﬂg*_l
by o*. Thus, (77v)? ~' =1 and we get the relations

m

= 1 because X is fixed

_ ok ATk ok o Aam )k
mGTl = 170 = T = T (e

Recall that (by Proposition 1.8 in Chapter IV of [4] or by Subsection 1.1 in
[10]), U; is multiplicatively (1 — ¢™)-divisible. So, there exists w € U; such
that w!'~¢" = v. Hence,

ﬂ%—l — (wlfr*v'r*)lfnpm’
because ™7 = 77¢™. Now, we choose z € U; in the following way: z =
(w' =" 7" )IHe ™ Observe that this z € U; satisfies 2' % = Tt
Clearly,

~ ~ m—1
Npj(z) = Ny (v)Hetem
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After these preliminary observations, we see that

NE/K(WE) = NZO/K o NZ/ZO(WE)

~ "
= Ny (ms) T9FF9

= NL/K(7TTU)1+(’+"'+(’m_1

~ m—1
— F?NL/K(U)H—W— +¢

= F?NL/K(Z):

because 77 belongs to the fixed Lubin—Tate labeling. Thus, the image of o
under the Twasawa—Neukirch map ¢y 1s

v (0) = W?NL/K(Z) mod Ny, L*™.

Now, let y € Uy, be such that

“Mo—1 o—1

vt = T =TT

Y
Note that T'= L N K. Then, setting z = yltet-+¢""" ¢ U, we have

_ _pd _
Zl cp:yl © :71'% 1.

Thus,

Np/kly) = ]VL/K(y)”‘PJr---Jrnpd—l _

which shows that
vk (0) = W?NL/K(Z) mod Ny, /g L™

d
=7 Nry /K szo(ﬁls(L@/L)o(‘»fmU)))
=po ¢(£O/)K(U)a

completing the proof.

Case 2: m = 0. In this case, 0 € Gal(L/Lg). Consider %0 € Gal(L" /K).
Then, by Case 1, we have

vy w (000) = p o ¢ (9o,

where v7,/x (¢%0) = 1)k (o). Theorem 2.4 implies the formulas

d
B (1) = BN ) ()7 = (reNiay L 50 ().
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where the last identity follows from the fact that K C L C K 4. Thus,

d
PO¢S.J‘9/)K(0) = po¢%ﬂ/)K(¢dg) = W%NLO/K (Prio(gb(L“;L)o(a))) mod Ny xL*,

which proves the relation

1k (0) = po gl (o).
The proposition is proved. O
()

Now we generalize the definition of the extended Hazewinkel map H,"/
(L/K /YL/K — Gal(L/K) of Fesenko (cf. [1, 2, 3] and [8]), initially de-
fined for totally ramified AP F-Galois subextensions L/K of K, /K, to infinite

APF-Galois subextensions L/K of K i/K, where [rr, : kx| = d.
For this, first we assume that the local field K satisfies the condition

pp(K5%P) = {a € K% . o? = 1} C K, (2.34)

where p = char(kx). For the details on the assumption (2.34) on K, we refer
the reader to [1, 2, 3].

Let L/K be an infinite APF-Galois extension with residue-class degree
[k : kx| = d and with K C L C Kga. As usual, let Lo = LN K". We
introduce the generalized arrow

H) - K* /Ny x Ly x U3 S0 i)/ Yoo — Gal(L/K) (2.35)
for the extension L/K by
d
H) (7N kLY UY ) = ™ [ HY) (UY7)r,) (2.36)
for every m € Z and every U € U (1KY where HgidL)O : U;%(L/K)/YL/LO —

Gal(L/Ly) is the extended Hazewinkel map of Fesenko for the extension L/Ly.
For the definition and basic properties of the group Y71, we refer the reader
to [3] and [8].

The following lemma is clear.

Lemma 2.16. Suppose that the local field K satisfies condition (2.34). Let
L/K be an infinite APF-Galois subextension of K,a/K, where d = [kr, : kK.
Then the generalized arrow

HY) KX Ny Ly x US

ik : /Y11, — Gal(L/K) (2.37)

X(L/K)

for the extension L/K is a bijection.
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Proof. The proof follows from the isomorphism
Gal(L/K) ~ Gal(Ly/K) x Gal(L/Lg)
combined with the bijectivity of

d
ngL)o 200y Yoo — Gal(Z/Lo)

(cf. Lemma 5.22 of [8]) and the Abelian local class field theory for the extension
Lo/K. O

Now, consider the composition of arrows

(w)

ér
Gal(L/K) S KX /Ny Ly % U3 X(L/K) /UX (L/K) (2.38)
..(w l(ldKX/NLo/KL(;( €L/Lg)
B ey

K~ /NLo/KL(>]< XU%(L/K)/YL/LW

where cy U%(L/K)/UX(L/K) — ng(L/K)/YL/Lo is the canonical map defined

via the inclusion Ux(r/x) € Yz/1,- Recall that (see [8, (5.35)]) the composition
d d

c1/1a08) 0, = 20, Gal(L/Lo) = U2

map for the extension L/Ly. Now, let 0 € Gal(L/K). Let 0 < m € Z be such

that o |L,= ¢™ |, and ¢~™o € Gal(L/Lg). Then, in accordance with the
definition,

/Y11, is the Fesenko reciprocity

d —m
Hg/)K OQ(L/)K( ) = ng/)K (ﬂ?(l'NLo/KLE](ﬂcL/LO [¢] ¢gp/20((p 0'))
a —m
= Y (7-Nio/w L5 0 (97"0) )
_,m ) (") (,—m
=¢™|L HL?LO <'1)L(p/LO(<p a))
=¢" L (p""0)
=0
by [8, Lemma 5.23]. For 0 <m € Z and U € Ug let

X(L/K)’

(W?(l'NLo/KL(;(aU'YL/LO) S KX/NLO/KL(;( X U%(L/K)/YL/LO
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Now, again by definition,

d
Q(Ltp/)K OH(L@/)K ((ﬂ-K NLO/KLU 3 UYL/L())) Q(L(p/)[( <(pm |L HE?L)O(UYL/LO)>

g )8 (7 B0
. d d
= (ldKX/NL /KLX’CL/LO) <7T%.NLO/KLX qs(ljp/[?o(ngL)g(UYL/LO))
— () (gl
= <7TK NLO/KL CDL/LO( L/LO(UYL/LO))

= (ﬂ.K'NLo/KLO s U'YL/L()) y

by [8, Lemma 5.23]. These computations yield

H) 08 = idar/x) (2.39)
and

3% oH'Y _—ia

W o Hie = (2.40)

KX /Npy/k Ly xU%(L/K)/YL/LO‘
Note that there is a natural continuous action of Gal(L/K) on the topolog-
ical group K* /NLO/KLX X U R/ K) /YL/LO, defined by the Abelian local class

field theory on the first component and by formula (5.7) and Lemma 5.20 in
[8] on the second component:

(@ 0)° = (a‘ﬂ’”,UVm”> = <a,U‘”im"> : (2.41)

for every o € Gal(L/K), where o |1,= ¢ for some 0 < m € Z and for every
a € K* with a = a. NLO/KL and U € UO(L/K) with U = UYrr, We shall

always view K* /Ny, /x Lg x USE(L/K)/YL/LO as a topological Gal(L/K)-module
in this paper.

So, we arrive at the following theorem, which follows from Theorem 2.4,
Lemma 2.16, and relations (2.39) and (2.40) combined with the fact that
Ux(1/Kk) is a topological Gal(L/Lg)-submodule of Y7 7,.

Theorem 2.17. Suppose that the local field K satisfies condition (2.34). Let
L/K be an infinite APF-Galois subextension of K a/K, where d = [k1, : KK].
The mapping

(%) : Gal(L/K) — K* [Ny, i L x US 2o mey! Yirto

defined for the extension L/K is a bijection with the inverse

H(L/)K K™ |Nro/rLg % U /YL/LO — Gal(L/K).

X(L/K)
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For every o,7 € Gal(L/K), the cocycle condition

(o) = @) _(0)®¥) ()7 (2.42)

(¥)
o, L/K L/K

L/K
is satisfied.

By Corollary 2.5, Theorem 2.17 has the following consequence.

Corollary 2.18. Let a law of composition * be defined on KX/NLO/KLUX X
ng(L/K)/YL/Lo by the rule

— — — ©) — 77
a,7) (6, 7) = (@,0).(5,7) @1/ 7 (@0) 2.43
(
for every @ = a.Np,/xLy,b = b.Np kL € K*/Np,/xLy with a,b € K*
o/KH0 o/ o/
and every U = UYL/LO,V ViYL, € U X(L/K) /YL/LO with U,V € UO(L/K)
Then K* [Ny, /x Ly x UX(L/K)/YL/LO is a topological group under x, and the
(¢)

map QL/K induces an isomorphism of topological groups

3 .

L/K* Gal(L/K)—>K /NLO/KLXXU X(L/K) /YL/L07 (244)

where the topological group structure on K* /NLO/KLOX XL/K/ /Lo 1S

defined with respect to the binary operation * introduced by (2.43).

Definition 2.19. Let K be a local field satisfying condition (2.34). Let L/K
be an infinite AP F-Galois subextension of K i/K, where d = [k, : kk]. The

mapping

¢<L/>K Gal(L/K) — K* [Ny k L§ Uy o [ Vi,

defined in Theorem 2.17 is called the generalized Fesenko reciprocity map for
the extension L/ K.

We recall that, for each 0 < ¢ € R, the higher unit groups (UO(L/K)>Z of the

field X(L/K) were introduced in (2.16). As in [8, (5.42)], for each 0 < n € Z
we put

o, = Ue " Usn i /U Nim@¥) ));  (2.45)
/Lo = Cr/to \\Ug(1/x)) Ux/m)/ Uiy Nim(épp) ) :

n
this is a subgroup of (U}ig(L/K)> Y110/ Y1 1, Now, the ramification state-

ment of Theorem 2.7 can be reformulated for the generalized reciprocity map

@(‘P)

LK corresponding to the extension L/K as follows.



GENERALIZED FESENKO RECIPROCITY MAP 145

Theorem 2.20 (Ramification theorem). Let K be a local field satisfying con-
dition (2.34). For 0 < u € R, let Gal(L/K),, denote the uth higher ramification
subgroup in the lower numbering of the Galois group Gal(L/K) corresponding
to the infinite APF-Galois subextension L/K of K a/K with residue-class
degree [k : Kk equal to d. Then, for 0 <n € Z, we have

()
QL(p/K (Gal(L/K)"pL/K‘)‘PL/LO(n) B Gal(L/K)"pL/KOQDL/LO(TH'l))

< <1KX/NLO/KLOX> X ((U§(L/K)>nYL/L0/YL/L0 - QZ—/I—L10> :

Proof. In accordance with the general observation made in the first paragarph
of the proof of Theorem 2.7, for 0 < w € R and for 7 € Gal(L/K), =
Gal(L/Lg)#"/%*™) we have

() = (L g nz 9550,

where ¢/ = . Thus, by the definition,

Q(L(p/)K(T) = <1KX/NL0/KL0X +CL/Lo © gb(L(p/%O (T))

— (¢")

= (T vy rz @2, (1)
Now, to prove the theorem, we take u = v /x o ¢r/r,(n) and v’ = ¢k o
¢1,/1,(n + 1). Then, the ramification theorem (see [8, Theorem 5.27]) shows

that, for any 7 € Gal(L/K), — Gal(L/K),s the second coordinate of q)(;;)K(T)
satisfies

@%“}20(7) € < §§(L/K))n Y110/ Ym0 — Q7)1
because
Gal(L/K), = Gal(L/L)**/*™ = Gal(L/Lq)?:/%™ = Gal(L/Lg)n
and likewise
Gal(L/K), = Gal(L/Lo)¥2/x™) = Gal(L/Lg)#*/% ™Y = Gal(L/Lo)n+1,
which completes the proof. ]

Let K be a local field satisfying condition (2.34). Let M/K be an infinite
Galois subextension of L/K. Thus, by [8, Lemma 3.3], M is an APF-Galois
extension over K. We further assume that the residue-class degree [kas : K]
is equal to d’ and K C M C K(pd/ for some d' | d. Let

)+ Gal(M/K) = K* [Nagy e Mg* < U o / Yaajus
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be the corresponding generalized Fesenko reciprocity map defined for the ex-
tension M /K. Here, as usual, M is defined by My = M N K™ = K};/. Now,
we fix a basic sequence

Ly=E,CE, C---CE C---CL

for the extension L/Lg. Using the notation of [3] and [8], for each 1 < i € Z
we introduce an element o; in Gal(L/K) such that (o |g;) = Gal(E;/E;_1).
Next, for each 1 < k,4 € Z, we introduce the map

L/L P . —1
e I vt - vzt Juzeet
; Ey J Epi1 Erq1
1<i<k 1<i<k+1
the map
(L/Lo) , o;i—1 oi—1
Z3 | I S |
A k . k+1
1<i<k 1<i<k+1
and the map

AEi/Eo

g (L/E:) X(L/K)

L/Lo oi—
as in [3] and [8]. We fix the sequence
My=E,"nMCE NMC.---CENMC.-.-CM

for the extension M /M, and, for each 1 < k € Z, define a homomorphism

h(M/MO) . UUiIM_l N UUiIM_l /U0k+1)\71—1
; : M g
ExOM EpanM Er M
1<i<k " 1<i<k+1 =+t kel

that satisfies

NIy L)L
11 (0") Np ) Boinnt | © n )
0<e<f(L/M)-1

M/M, NEy
= h’](g /M) g H (¢ )ENEk/EkﬂM
0<E<F(L/M)—1
and take any map
00, [ vl L [ ot

ExNM

FranM
1<i<k 1<i<k41 = FFH!
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that satisfies

Ny L/Lo
H (‘Pd )ENE;CH/E;CHOM og;ﬁ /o)
0L f(L/M)—1

= g"M) o 1T (") Ney/moenr |
0<e<f(L/M)-1

again following the same lines of [3] and [8].
Now, for each 1 < € Z, we introduce a map

FMMe) it

—

E:NM (M/K)

fi(M/Mo)(w) _ /(/L/M (fi(L/Lo)(v)> :

i—1 e iy B
where v € U}%. is any element satisfying Hogegf(L/M)_l(‘Pd )ENEi/E,ﬂM('U) =

i

ilgz—1 . 1 .
w E UU/‘\M/ . Observe that if v/ € U]%I_ is such that

in i

H (Qodl)éﬁEi/EiﬁM(v,) = w,
0<e<f(L/M)-1

then ./\~/L/M (fi(L/L")(v)) = -/\N/L/M <fi(L/LO)(UI)>-
Indeed, there exists u € ker (Hogégf(L/M)—l (o

vu. Thus, we need to verify that ./\~/L/M <fi(L/L°)(v)> = ,/\~/L/M <fi(L/L°)(vu)).
That is, for each 1 < j € Z, we need to check the relation

d,)éﬁEi/EiﬁM> such that v/ =

[T @"'Np,menr (Pr (1 0))
0<L<f(L/M)—1

= II  @")'Neymenr (Pry, (717 (o))
0<L<f(L/M)—1



148 K. I. IKEDA, E. SERBEST

For j > 4, we have

[T @) Neymen (Prg, (15 0))
0<L<f(L/M)—1

- (") Ny (9524 0 -0 915 ()

0<U<f(L/M)-1

_ g](M/Mo) o‘”ogl(M/Mo) ( H ((pd’)fﬁEl/ElmM(U))

0<E<F(L/M)—1

— g](]i/ll/MO) 0O--:0 gZ(M/MO) ( H ((,Ddl)eﬁEl/EiﬁM(Uu))

SU<f(L/M)—

0<U<f(L/M)-1

= (0" NE /E;AM
0<e<f(L/M)-1

= (° NE/ E;NM < L/Lo ng( /Lo)(vu)>
(Prs,

L/L" vu))) .

Thus, the map

MM | o0l
fi Uﬁ% = Ukuyx)

is well defined. Moreover, for j > ¢ we have

M/M, M/M, M/M,
PrEijofl.( /Mo) _ (9;71/ Voo ogM )) -
E;AM
Indeed, for w € U 1‘1‘/][\4 there exists v € Ug_*l such that
H (‘Pd,)éﬁEi/EmM(v) = w,
0<I<F(L/M)—1
and
M/My) Lo
FEM ) = N g (£ ).
That is, the square
i1 fz(L/LO)
Vs —— Yzux) (2.46)
HOngf(L/M)—l(‘Pd/)lﬁEi/E‘iﬁM JJ\N/L/M
(M/Mo)

U2 — Yo
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is commutative. Thus,
M/M, ~ L/L,
EjﬁM © fz( / )(U)) = PrEjﬁM ONL/M (fz( / )(U))

= H (@d,)lﬁEj/Eij <Pr§j ° fi(L/Lo)(U)>
0<U<f(L/M)-1

[T ") Neymon (055 00 g ) 0)

0<L<f(L/M)-1

= (MM o o g MM [T @ 'Neypon@) |,
0<L<f(L/M)—1

Pr

which is the desired relation. _

Now, we modify Lemma 5.28 of [8] and show that the norm map N7,/
X(L/K)* — X(M/K)* introduced in (2.17) and (2.18) possesses the following
properties.

Lemma 2.21. For the norm map ./\~/L/M : X(L/K)* — X(M/K)* introduced
by (2.17) and (2.18), we have

(1) J\7L/M <ZL/L0 <{E¢, fi(L/Lo)}>> C Zn/mo <{E¢ N M, fz.(M/M")}>;
(i) Nzjaro (@) (Yiyzo) S Yar/s,-

Proof. (i) Recall that ./\~/L/M : X(L/K)* — X(M/K)* is a continuous map-

ping. Now, for any choice of z(9 ¢ im(f.(L/L")), the continuity of the multi-

7

plicative arrow ./\~/L/M : X(L/K)* — X(M/K)* yields

i (T2 ) =TT,

)

where J\N/L/M(z(i)) € im(fi(M/M"))

(ii) For y € Y71, since yl_‘pd € Z1)1, it follows that J\N/L/M(yl_‘pd) €
Zyr/m, by part (i). Observe that

by the commutative square (2.46).

1—Lpd/

./\~/L/M(y1_apd) = NL/M(y)l—@d _ (J’\"/L/M(y)l_l_wd ‘|‘"'(,0d (f(L/M)fl))
Therefore,

- @yl (M=)
N (y)Hes ¢ = Nrm o) (¥) € Yauyag.

as desired. 0
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Part (ii) of Lemma 2.21 shows that the homomorphism ./\~/L/M o <‘P>L/M :

X(L/K)* — X(M/K)* induces a group homomorphism, which will again be
called the Coleman norm map from L to M; this homomorphism

Coleman
NL/O]\; an U}%(L/K)/YL/LO HU}%(M/K)/YM/MO (247)
is defined by the formula
NColeman (_) — -/\7L/M o) <(p>L/M (U) -YM/MO (2.48)

for every U € U<> , where, as usual, U denotes the coset UYr/r, in

X(L/K)
UX(L/K)/YL/LO'
The following lemma is a refinement of Lemma 2.10.

Lemma 2.22. Let K be a local field satisfying condition (2.34). For an infinite
Galois subextension M /K of L/K such that the residue-class degree [kar : kx|
is equal to d and K C M C K¢d/ for some d' | d, the following square is
commutative:

q,(w )

Gal(L/Lo) — "% U /Y, (2.49)

resps v l/\? LC/O}\j}ma"
q)(W )

Gal(M/Mg) /MO UO(M/MO)/YM/M07

where the right vertical arrow is the Coleman norm map J\/COlema“ from L to
M defined by (2.47) and (2.48).

Proof. It suffices to prove that the square

cr/
U}%(L/K)/UX(L/K) & U}%(L/K)/YL/LO

A/Coleman A/Coleman
e | MLM

CM /M,
is commutative, which is obvious. Then, uniting this square with the square
(2.24), we obtain

(o)

Gal(L/K) —— REEAEN UO X(L/K) /UX (L/K) AN UO(L/K)/YL/K

Coleman A/Coleman
resMJ o \LNL i lNL/M
]

Gal(M/K) % US a1y U 1/ x) LMo, US ey Y™/
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and the commutativity of the square (2.49) follows. O

Thus, we have the following theorem, which is a refinement of Theorem
2.11.

Theorem 2.23. Let K be a local field satisfying condition (2.34). For an
infinite Galois subextension M /K of L/K such that the residue-class degree
[kn 2 kK] s equal to d' and K C M C K o for some d' | d, the following
square is commutative:

Q(W)
Gal(L/K) —L55 K* /Ny i Lg% ng(L/K)/YL/LO

I‘eSMJ l( S(IJ:"/TMO NColeman)
&)
Gal(M/K) —— ML — 5 KX [Ny e My X UO X(M/K) /YM/MOa

where the right-vertical arrow

CF Coleman
(e VERT™")

I(X/ZV'LO/I(I/é< X US%(L/K)/YL/LO

< US aay 10y Y21/ M

KX/NMO/KMOX

is defined by
<eg(1;‘/TMO’NColeman> : (a’ U) N (eL /MO( ) NColeman( ))
for every (a,U) € K* /Nio/xLg % ng(L/K)/YL/Lo- Here
eg’f’/ﬂo I(X/JVLO/KL(;< - KvX/NvMO/K]MU><

is the natural inclusion defined via the existence theorem of the local class field
theory.

Proof. By the isomorphism defined by (2.1) and ( 2), for 0 € Gal(L/K)
there exists a unique 0 < m € Z such that o |,= ¢™ and ¢~"0 € Gal(L/Ly).
Now, by definition,

) (0) = (TENLy i IF ) (6770))
Thus,
<eg(1;‘/TMO’NColeman> <7TKNL0/KL0 ’q)(L/L)O( fmo_)>
d
= (5 (RN e L), NS (07 (577 0)) )

= <7TKNM0/KM0 7'1)5\4/]\)40(‘»07”10 |M))
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by Lemma, 2.22. Note that, by the existence theorem of local class field theory,
we have

EEEFMO(W%NLo/KLg) = 7T?]VMO/K‘Z\4[]X = ﬂ-% NMo/KMUXa

!
™™ and

where 0 < m/ € Z is a unique integer satisfying (o |v) |rmo= 0 |mp= ¢
o™ (0 |ar) € Gal(M/Mp). Hence,

!

~ , d —m
(R SR @47 0)) = (=8 Ny M5, 245, (07" )

’ d’ —m!
= (R N5 450,07 (0 1)) = 847 o)
by Remark 2.2 part (i), which completes the proof. O

Let K be a local field satisfying condition (2.34). Let F'/K be a finite subex-
tension of L/ K. Thus, L/F is an infinite AP F-Galois extension (see [8, Lemma
3.3]), where F satisfies (2.34). Fix a Lubin-Tate splitting ¢r over F' and as-
sume that the residue-class degree [k : kp] is equal to d' for some d’ | d and
that there exists a chain of field extensions

FCL CF(QOF)d,'

Then we have the generalized Fesenko reciprocity map

(er) | (F)*
@L‘j; : Gal(L/F) — FX/NL(()F)/FLU X Ugg(L/F)/YL/LgF)
corresponding to the extension L/F. Here, as usual, L(()F) is defined by LSF) =

LNF™ = FJ" (we recall that L(()K) =LNK" =KJ").

Now, we fix a basic sequence
'=g,cE c...cEc--cL

for the extension L/L(()K). Using the notation of [3] and [8], for each 1 <7 € Z
we introduce an element o; in Gal(L/K) such that (o |g,) = Gal(E;/E;_).
Next, we fix the sequence

=i cpil"c...crll"c...cLi’! =1

for the extension, L/LSF), asin [8, (5.55)]. For 1 < i € Z, we introduce elements
o} in Gal(L/F') that satisfy

< O’;k |E,’L(()F)>: Gal(EiLgF)/Ei,ngF))

as follows :

(i) for i > i, we put o} = oy;
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(ii) for i <1, we put

*_
P =

o; if B\ c BL{",
id it £, L) = gL,

B;L{")
where i, is defined as in [8, (5.55)]. Then it is clear that, for each 1 < i € Z,
the elements o} of Gal(L/F) satisfy

<0 |0 >= Gal(E; L\ JE;_ L{P)),

and that o = aZ for almost all 1. Next, for all 1 < k z' € Z, we introduce
L L —1 — of, -1
the map h( / hicicn U~ (H1<z<k+1 U )/U i the
By L Ek+1L( V0 B I
(L/L{™) -1 or—1 (L/L)
map g, <<k U pg = [li<ick U o and the map f;""°
Er+1Lg
Iy (F) 1 (F)
of—1 EiLO /LO .
i . - <
UE-L(F) — UX(L/EZ_L(()F)) Ug(r/r) @ in [3] and [8]. For each 1 <
ilg
k € Z, we define a homomorphism
L/L( ) H Uaz—l it /ng+1—1
. Epy1 Egt1
1<i<k 1<i<k+1
that satisfies
S (L/L6") _ o (5/L6)
Elc-HL /Ek+lohk _hk ONEkL F)/Ek

and take any map

(L/rsy oi—1 oi—1
9k : H UEk — H UE]hLl

1<i<k 1<i<k+1
that satisfies
~ (F) (K) ~
L/Ly ") (L/Lg ")
N o glt/to ) — O 7oN
Ek+1L(()F)/Ek+1 L L EkL(()F)/Ek’

again following the same lines of [3] and [8].

: , (L/LG) | o1
Now, for each 1 <4 € Z, we introduce the map f; U = Ux

X(L/K)
(K) &)
by fi(L/LO J(w) = AF/K(fz'(L/LO )(“))v where v € U/\(L) 's any element saf-
EiL§
. . ~ . og;—1
isfying NEiL((JF)/Ei(U) =w € U}Ei B

(F) (F)
N1, (V') = w, then AF/K(fz'(L/L0 )(“)) = AF/K(fz‘(L/L0 )(”,))-
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Indeed, there exists u € ker (NE such that v’ = vu. Thus, we need

iLéF)/Ei)

(F) (F)
to verify that AF/K(fZ.(L/LO )(v)) = AF/K(fZ.(L/LO )(vu)). That is, for each

1 < j € Z, we need to check the relation

Pr, (AF/K<f§L/L5F”(v>>) = Pry, (AF/K<f§L/L5”’(vu)>) (250

For j > i, we have

(L/L5") (L/L$")

Pry <AF/K( f; (v))> =Ny 15, <PrE:£E;) (AF/K(fi (v))))

_ N (L/L5")
~ B LYV /E; (PTE].LSF) <f1 ’ (v)>>
- ) )
= Ve LR, (gy(‘—/l ’ )O"'ng( ko )(“)>

/L) L/LS) (&
:9;7/1 0 )0"‘095 /Lo )(NEiLéF)/Ei(U))’

(F) (K)
by the properties of the mappings g,(CL/LO ) and g,(gL/LO ), Thus, relation (2.50)

follows, because Z\~/'E (P (v) =N (vu). Therefore, the map
Ly '/ E;

EL"/E;

(L/Lg"") | rroi—1

is well defined. Moreover, for j > 4, we have

/1) /LU /1)
PI‘Ejon.( Mo ") = <g§_/1 0 )o...ogl( /Ea )> ‘U%ifl'

Indeed, for w € Ugifl, there exists v € U;%) such that NEiLgF)/Ei (v) = w,
il
(K) (F)
and fi(L/LO )(w) =Ap/k (fi(L/LO )(v)). That is, the square
/)
or—1 1 0 3
UEiL((JF) — UX(L/F) (2.51)
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is commutative. Thus,

(K) (F)
Prg, o 117 w) = Prg o A (107470

L/L(F))
EjL((JF)/Ej (P L(F sz ( )

~ (F) (F)
= Ny ((gﬁ”L o0 0))

L L(K) L L(K) ~
= <g](/1 0 )o ng( / 0 )> (NEiL((JF)/Ei(U)>,

(F) (K)
by the properties of the mappings g,gL/LO ) and g,(CL/L0 ), as claimed.

Now, we modify Lemma 5.30 of [8] and show that the homomorphism A g/
§~§(L/L8F))X — §§(L/L8K))X introduced in (2.25) and (2.26) possesses the
following properties.

Lemma 2.24. For the continuous homomorphism Ap g : SNQ(L/LSF))X —
§~§(L/L(()K))X introduced by (2.25) and (2.26) we have
: (/L") (L/L5)y,
(1) AF/K(ZL/L((JF ({KF f ° })) QZL/L(()K)({K’LafZ 0 })a
. . (i) (L/Li) . o
Proof. (i) For any choice of 2\") € Z, , the continuity of the multiplica-
tive arrow Ap/p §~§(L/L(()F))X — §V§(L/L§]K))X yields

Apk (H 2(i)> = HAF/K(z( )

L/L§)

where AF/K(z(i)) € Zi( / by the commutative square (2.51).

. o /L
(ii) Let y € YL/L(()F). Then y' oF ZL/L(()F) ({KZF, fz.( /To )}) Thus,
L o /.U .
Apy(y'™9F) = Mgy € Z, 00 ({Ki, £ )}) by part (i). Now
the result follows, because go%’ = cpg( by Remark 2.12. U

Thus, the homomorphism Ap/g : §A§(L/L(()F))X — §~§(L/L§]K))X defined by
(2.26) induces a group homomorphism

Aryg U — U? (2.52)

(L/L(F / L/L (L/L(K) / L/L
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defined by

Ay (U) = Mgy (U).Yy o (2.53)

for every U € ng where, as usual, U denotes the coset U.YL in

F
(r./Liy /o)

&
Ui(L/LéFU/ Yo
Let

(or) . (F)
@)+ Gal(L/F) — F* [Ny Lo < Ug o) /Y e

be the corresponding generalized Fesenko reciprocity map defined for the ex-

tension L/F, where Y =Y, o ({KF, LéF))})
3 L/L((JF) - L/L((JF) 159 ) .

The following lemma, is a refinement of Lemma 2.13.

Lemma 2.25. Let K be a local field satisfying condition (2.34). Let F'/K be a
finite subextension of L/ K. Fiz a Lubin—Tate splitting or over F' and assume
that the residue-class degree [kr, : kp] is equal to d and F C L C F(LpF)dl for
some d' | d. Then the square

(I)(w‘}a
() ) e /Y
Gal(L/Lg ") — “x(r/ny " L/Li” (2.54)
inc.l (b(‘ptli{) l/\F/K

L/o{

Gal(L/LSK)) — U%(L/L((JK))/YL/LEK)’

where the right vertical arrow \p ) U;;(L/L(()F))/YL/LE]F) — U;;(L/L(()K))/YL/LSK)

is defined by (2.52) and (2.53), is commutative.

Proof. It suffices to prove that the square

i n. <&
UX(L/LE)F))/UX(L/LEF)) T UX(L/LSF))/YL/LEF)

)‘F/Kl l)‘F/K
Us

n. o
X(L/LgK))/UX(L/LéK)) = UX(L/LSK))/YL/LEK)
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is commutative, which is obvious. Then, uniting this square with the square
(2.29), we obtain

q)(WK)

Gal(L/LSF))%UQ@/L oy U1y <= US ooy Y o

inc. () J/AL/F lAL/F
e )
Lo

L/
Gal(L/LgK))_>U§(L /.00y U100y <22 Ug Mo /L(K)/ L

and the commutativity of the square (2.54) follows. O

Thus, we have the following theorem, which is a refinement of Theorem
2.14.

Theorem 2.26. Let K be a local field satisfying condition (2.34). Let F/K be
a finite subextension of L/ K. Fiz a Lubin-Tate splitting pp over F' and assume
that the residue-class degree [kr, : kp] is equal to d' and F C L C F(cpp)d' for

some d' | d. Then the following square is commutative:

(I)(WF) ()
Gal(L/F)—)F / (F)/FLO x U2 L/F/

inc. l(NF/K’/\F/K)
Q(‘FK)

Gal(L/K) —% K% /N L% s pe

A (2.55)

(K)/K L/K/ /L(K)a

where the right vertical arrow

F)X
(NF/KaAF/K)FX/NLéF)/FL(() : x U3 L/F/ L/L

K)X
HKX/NLEK)/KLS ) XUQL/K/ 110
is defined by (Np/g; Apji) = (@ U) = (Npj(a), \pyx (O)) for every (a@,U) €
(F)*
Fx /N F)/FL XUO(L/F)/YL/L((JF)'

Proof. Let o0 € Gal(L/F). There exists 0 < m € Z such that o | m= ¢F
0
and ¢,"o € Gal(L/LgF)). We have

- )X~ (p%) —m
&7 ()= (v Nygo 167 2 e (™))
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and

X d
(i M) @ (0) = (TN o LG @78 (050))

by the norm-compatibility of primes in the fixed Lubin-Tate labeling and by
Lemma 2.25. Now, there exists 0 < m’ € Z such that o |L(K): cp’}}, and
0

go;(m/a € Gal(L/LSK)). By part (ii) of Remark 2.2, it follows that ¢ |, ()=
0
go%/ and "o = @i 0. By the Abelian local class field theory, Np/x :

RN, LY ' N L™ Thus,

L /K
X d
(Ve M) @710)) = (g0 L6 #4750
0 /Lg

K X
A = TN, 06

_ m/ (K)* & (¢%) —m/ _ &vx)
— <7TK .NLgK)/KLO ’(I)L/IZ((JK)((’OKm a)> = @L@/’I(( (o),

which completes the proof. O

Finally, the inverse H (L‘p/)K = ((I>(L‘p/)K)*1 of the generalized Fesenko reciprocity
()

map @' K defined for the extension L/K is a generalization of the Hazewinkel
map for infinite APF-Galois subextensions L/K of K i/K satisfying [kp, :
kk| = d and under the assumption that the local field K satisfies condition
(2.34). More precisely, the following is true.

Proposition 2.27. The square

(#)
HLW/K

K> [Ny kLg X U;%(L/K)/YL/LO —— Gal(L/K)

(idKX/NLO/KLg’PTI?)J/ l mod Gal(L/K)'
h
KNy kL X U /N1 U —25 Gal(L/ K )2

is commutative, where hy, g KX/NLO/KLOX X ULy /Npr, UL — Gal(L/K)¢®
is the Hazewinkel map of L/K.
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