
áÌÇÅÂÒÁ É ÁÎÁÌÉÚ�ÏÍ 20 (2008), �4GENERALIZED FESENKO RECIPROCITY MAP© K. I. IKEDA, E. SERBESTThe paper is a natural 
ontinuation and generalization of the works ofFesenko and of the authors. Fesenko's theory is 
arried over to in�niteAPF -Galois extensions L over a lo
al �eld K with a �nite residue-
lass�eld �K of q = pf elements, satisfying ���p(Ksep) ⊂ K and K ⊂ L ⊂ K'd ,where the residue-
lass degree [�L : �K ℄ is equal to d. More pre
isely, forsu
h extensions L=K and a �xed Lubin{Tate splitting ' overK, a 1-
o
y
le���(')L=K : Gal(L=K) → K×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0where L0 = L ∩ Knr, is 
onstru
ted, and its fun
torial and rami�
ation-theoreti
 properties are studied. The 
ase of d = 1 re
overs the theory ofFesenko.Let K be a lo
al �eld (that is, a 
omplete dis
rete valuation �eld) with a�nite residue-
lass �eld �K of q = pf elements. Assume that ���p(Ksep) ⊂ K. We�x a Lubin{Tate splitting ' over K (see [10℄). In [1, 2, 3℄, Fesenko introdu
eda very general non-Abelian lo
al re
ipro
ity map�(')L=K : Gal(L=K)→ U⋄

X̃(L=K)=YL=Kde�ned for any totally rami�ed in�nite APF -Galois extension L=K satisfy-ing K ⊂ L ⊂ K', whi
h generalized the earlier non-Abelian lo
al 
lass �eldtheories of Ko
h{de Shalit [10℄ and Gurevi
h [7℄. In [8℄, we studied the ba-si
 fun
torial and rami�
ation-theoreti
 properties of the re
ipro
ity map ofFesenko.In this paper, whi
h is a natural 
ontinuation and generalization of [1, 2, 3℄and [8℄, we extend the theory of Fesenko to in�nite APF -Galois extensionsL=K satisfying K ⊂ L ⊂ K'd , where d is the residue-
lass degree [�L : �K ℄.More pre
isely, for su
h extensions L=K, we 
onstru
t a 1-
o
y
le,���(')L=K : Gal(L=K)→ K×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0 ;where L0 = L∩Knr, and study its fun
torial and rami�
ation-theoreti
 prop-erties. Note that the 
ase where d = 1 re
overs the theory of Fesenko.Key words: lo
al �elds, higher-rami�
ation theory, APF -extensions, Fontaine-Wintenberger �eld of norms, Fesenko re
ipro
ity map, generalized Fesenko re
ipro
itymap, non-abelian lo
al 
lass �eld theory. 118



GENERALIZED FESENKO RECIPROCITY MAP 119The organization of this paper is as follows. In the �rst se
tion, we brie
yreview the ne
essary ba
kground material from Fontaine{Wintenberger theoryof �elds of norms. In the se
ond se
tion, we introdu
e the generalized Fesenkore
ipro
ity map ���(')L=K of an extension L=K that is an in�nite APF -Galoisextension satisfying K ⊂ L ⊂ K'd , where the residue-
lass degree [�L : �K ℄ isequal to d, and study its fun
torial and rami�
ation-theoreti
 properties.The material and results of this paper play a fundamental role in our 
on-stru
tion of non-Abelian lo
al 
lass �eld theory [9℄, whi
h generalizes also theLaubie theory [11℄.Notation. Throughout this paper, K will denote a lo
al �eld (a 
ompletedis
rete valuation �eld) with �nite residue �eld OK=pK =: �K of qK = q = pfelements, where p is a prime number; here OK denotes the ring of integers inKwith a unique maximal ideal pK . Let ���K denote the 
orresponding normalizedvaluation on K (normalized by ���K(K×) = Z), and let �̃�� be the (unique)extension of ���K to a �xed separable 
losure Ksep of K. For any sub-extensionL=K ofKsep=K, the normalized form of the valuation �̃�� |L on L will be denotedby ���L. As usual, we let Knr denote the maximal unrami�ed extension in Ksep,and K̃ denotes the 
ompletion of Knr with respe
t to ���Knr . We �x a Lubin{Tate splitting 'K = ' over K. The �xed �eld of the Lubin{Tate splitting' is denoted by K'. Finally, let (�E)K⊂E⊂K' be the 
anoni
al sequen
e ofnorm-
ompatible prime elements in �nite subextensions E=K in K'=K. Thisdetermines a unique Lubin{Tate labeling over K (see Subse
tion 0.2 in [10℄).A
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lass degree [�L : �K ℄ is equal to d and K ⊂



120 K. I. IKEDA, E. SERBESTL ⊂ K'd ; in the terminology of Ko
h{de Shalit in [10℄ and Laubie in [11℄, L is
ompatible with (T; '), where T denotes the interse
tion �eld L∩K'. Note that,in general, T=K is not a normal extension! We denote L(K)0 = L∩Knr = Knrd .If no 
onfusion is possible, we denote L(K)0 simply by L0. So, we have thefollowing diagram: KsepK'dKnr
ppppppppppppppppppppppppppppp L qqqqqqqqqqqqq K'Knrd qqqqqqqqqqqqq T ppppppppppppppK ppppppppppppppRemark 1.1. Note that '′ = 'd is a Lubin{Tate splitting over L0 = Knrd .Therefore, by Proposition 1.2.3 in [12℄ or by Lemma 3.3 in [8℄, L=L0 is anin�nite totally rami�ed APF -Galois extension satisfying L0 ⊆ L ⊆ (L0)'′ .Thus, the Fesenko theory developed in [1, 2, 3℄ and [8℄ works for the extensionL=L0.Sin
e L=T is an unrami�ed extension, the following statement is true.Lemma 1.2. The �eld of norms X(L=L0) is an unrami�ed extension of the�eld of norms X(T=K).Proof. In fa
t, there exists a natural isomorphism X(L=L0) ∼

−→ X(L=K) thatidenti�es X(L=L0) and X(L=K) (see Subse
tion (5.6) of Chapter III in [4℄).Now, X(L=K) is a Galois extension of X(T=K) with the 
orresponding Galoisgroup isomorphi
 to Gal(L=T ) (see [8℄ and [12℄). Sin
e �X(L=K) ≃ �L and�X(T=K) ≃ �T , it follows that[�X(L=K) : �X(T=K)℄ = [X(L=K) : X(T=K)℄;be
ause L=T is an unrami�ed extension, whi
h proves that X(L=K) is anunrami�ed extension of X(T=K). �Now, sin
e the Lubin{Tate splitting ' over K is �xed, the element �';T=K =(�E)K⊂E⊂T ∈ X(T=K) is a 
anoni
al prime element of the lo
al �eld X(T=K).



GENERALIZED FESENKO RECIPROCITY MAP 121Thus, by Lemma 1.2, �';T=K is a prime element of X(L=L0) as well. Moreover,the following is true.Lemma 1.3. �';T=K = �'′;L=L0 : (1.1)Proof. Indeed, for the Lubin{Tate splitting '′ = 'd over L0 = Knrd , thereexists a unique element (�L0E)L0⊂L0E⊂L0T=L ∈ X(L=L0). Sin
e L0E=E is anunrami�ed extension, it follows that �L0E = �E for ea
h K ⊂ E ⊂ T . Thus,(1.1) is ful�lled. �The 
ompletion X̃(L=K) of the maximal unrami�ed extension X(L=K)nrof the �eld of norms X(L=K) is identi�ed with the �eld of norms X(L̃=K̃) =
X(L̃=L̃0). §2. Generalized Fesenko re
ipro
ity mapThe main referen
es for this se
tion are [1, 2, 3℄ and [8℄.Fix a Lubin{Tate splitting 'K = ' over K. Our aim in this se
tion is togeneralize the re
ipro
ity map �(')M=K of Fesenko, see [1, 2, 3℄ and [8℄, de�nedfor in�nite totally rami�ed APF -Galois extensionsM=K satisfying K ⊂M ⊂K', to in�nite APF -Galois extensions L=K with residue-
lass degree [�L :�K ℄ = d and satisfying K ⊂ L ⊂ K'd . In what follows we shall keep thenotation introdu
ed in [8℄ and in the pre
eding se
tion.We re
all that, for the extension M=K as above, the diamond subgroupU⋄

X̃(M=K) of the group UX̃(M=K) of units in the ring of integers of X̃(M=K) isde�ned by U⋄
X̃(M=K) = Pr−1K̃ (UK) ;where PrK̃ : UX̃(M=K) → UK̃ denotes the proje
tion map on the K̃-
oordinateof UX̃(M=K). More generally, for a given in�nite APF -Galois extension L=Kwith residue-
lass degree [�L : �K ℄ = d and satisfying K ⊂ L ⊂ K'd , thediamond subgroup U⋄

X̃(L=K) of the group UX̃(L=K) of units in the ring of integersof X̃(L=K) = X̃(L=L0) 
an be de�ned naturally as follows.De�nition 2.1. U⋄
X̃(L=K) is the subgroup of the group UX̃(L=K) of units in thering of integers of the lo
al �eld X̃(L=K) whose K̃ = L̃0-
oordinate belongsto UL0 . That is, U⋄

X̃(L=K) = U⋄
X̃(L=L0):



122 K. I. IKEDA, E. SERBESTIn Fesenko's theory, whi
h was des
ribed in [1, 2, 3℄ and in detail in §5 of[8℄, an arrow �(')M=K was de�ned for the extensions M=K, where M=K is atotally rami�ed APF -Galois extension satisfying K ⊂ M ⊂ K'. Now, as a�rst step, we generalize this arrow to in�nite APF -Galois extensions L of Khaving residue-
lass degree d and satisfying Knrd ⊂ L ⊂ K'd , and 
onstru
t ageneralized arrow ���(')L=K for su
h extensions L=K as follows. There exists anisomorphism Gal(L=K) ∼
−→ Gal(L0=K)×Gal(L=L0) (2.1)de�ned by � 7→ (� |L0 ; '−m�) (2.2)for every � ∈ Gal(L=K), where � |L0= 'm for some 0 ≤ m ∈ Z.Remark 2.2. (i) Let M=K be a Galois subextension of L=K. Let M0 =M ∩Knr. Then, the squareGal(L=K)resM

��

∼ // Gal(L0=K)×Gal(L=L0)(resM0 ;resM )
��Gal(M=K) ∼ // Gal(M0=K)×Gal(M=M0)is 
ommutative. Now, for � ∈ Gal(L=K), we 
an �nd 0 ≤ m;m′ ∈ Z su
h that� |L0= 'm and (� |M ) |M0= 'm′ . Thus, 'm |M0= 'm′

|M0 and the identity('−m�) |M= '−m′(� |M ) is satis�ed.(ii) Let F=K be a �nite Galois subextension of L=K. Suppose L(K)0 =L ∩Knr and L(F )0 = L ∩ F nr. Then, the squareGal(L=F )in
.
��

∼ // Gal(L(F )0 =F )×Gal(L=L(F )0 )(resL(K)0 ;in
.)
��Gal(L=K) ∼ // Gal(L(K)0 =K)×Gal(L=L(K)0 )is 
ommutative. Now, for any � ∈ Gal(L=F ), we 
an �nd 0 ≤ m;m′ ∈ Z su
hthat � |L(F )0 = 'mF and � |L(K)0 = 'm′K . Thus, 'mF |L(K)0 = 'm′K and the identity'−mF � = '−m′K � is satis�ed.By Proposition 1.2.3 in [12℄ or by Lemma 3.3 in [8℄, L=L0 is a totally rami�edAPF -Galois extension with L0 ⊂ L ⊂ (L0)'′ , where '′ = 'd is a Lubin{Tatesplitting over L0 by Remark 1.1. Thus, the map���(')L=K : Gal(L=K)→ K×=NL0=KL×0 × U⋄

X̃(L=K)=UX(L=K) (2.3)



GENERALIZED FESENKO RECIPROCITY MAP 123
an be de�ned by���(')L=K(�) := (�mK :NL0=KL×0 ; (uẼ):UX(L=K)) ; (2.4)where � ∈ Gal(L=K) is su
h that � |L0= 'm for some 0 ≤ m ∈ Z, andU = (uẼ) ∈ UX̃(L=L0) satis�esU1−'d = �('−m�)−1'′;L=L0 ; (2.5)where �'′;L=L0 is the 
anoni
al prime element of the lo
al �eld X(L=L0), whi
his the 
anoni
al prime element �';T=K of the lo
al �eld X(T=K) by Lemmas1.2 and 1.3. Thus, (2.5) 
an be reformulated asU1−'d = ��−1'′;L=L0 ; (2.6)be
ause �'';T=K = �';T=K . Moreover, the solution U = (uẼ) ∈ UX̃(L=L0),whi
h is unique modulo UX(L=K), satis�es PrL0(U) = uL̃0 ∈ UL0 . In fa
t,PrL0(�'′;L=L0) = �K by Lemma 1.3, when
e PrL0(��−1'′;L=L0) = ��−1K = 1K .Hen
e, PrL0(U1−'d) = PrL0(��−1'′;L=L0) = 1K yields u1−'dL̃0 = 1K , so that uL̃0 ∈UL0 be
ause L̃0 ∩ (L0)'′ = L0. Now, it follows that PrL0(U) = uL̃0 ∈ UL0 .Thus, U = (uẼ) belongs to U⋄
X̃(L=K), by De�nition 2.1.Remark 2.3. We 
an reformulate the de�nition of the generalized arrow���(')L=K : Gal(L=K)→ K×=NL0=KL×0 × U⋄

X̃(L=K)=UX(L=K)for the extension L=K as follows:���(')L=K(�) = (�mK :NL0=KL×0 ; �('′)L=L0('−m�))for every � ∈ Gal(L=K), where � |L0= 'm for some 0 ≤ m ∈ Z.There is a natural 
ontinuous a
tion of Gal(L=K) on the topologi
al groupK×=NL0=KL×0 × U⋄
X̃(L=K)=UX(L=K), de�ned by Abelian lo
al 
lass �eld theoryon the �rst 
omponent and by formulas (5.5) and (5.7) in [8℄ on the se
ond
omponent: (a; U)� = (a'm ; U'−m�) = (a; U'−m�) (2.7)for every � ∈ Gal(L=K), where � |L0= 'm for some 0 ≤ m ∈ Z, and for everya ∈ K× with a = a:NL0=KL×0 and every U ∈ U⋄

X̃(L=K) with U = U:UX(L=K).Below we shall always view K×=NL0=KL×0 ×U⋄
X̃(L=K)=UX(L=K) as a topologi
alGal(L=K)-module.



124 K. I. IKEDA, E. SERBESTTheorem 2.4. Let L=K be any in�nite APF -Galois subextension of K'd=Kwith residue-
lass degree d. Then the generalized arrow���(')L=K : Gal(L=K)→ K×=NL0=KL×0 × U⋄
X̃(L=K)=UX(L=K)de�ned for the extension L=K is an inje
tion, and for every �; � ∈ Gal(L=K),the 
o
y
le 
ondition ���(')L=K(��) = ���(')L=K(�)���(')L=K(�)� (2.8)is satis�ed.Proof. The inje
tivity of the arrow (2.3) de�ned by (2.4) is 
lear from the
anoni
al topologi
al isomorphism (2.2) 
ombined with Abelian lo
al 
lass�eld theory and Theorem 5.6 of Fesenko in [8℄. More pre
isely, let ���(')L=K(�) =(�mK ; (uẼ)), where d | m and (uẼ) ∈ UX(L=L0) = UX(L=K). Sin
e d | m, thea
tion of � is trivial on L0. Sin
e (uẼ)'d−1 = (1Ẽ) = ��−1'′;L=L0 , � a
ts triviallyon the prime elements of �nite subextensions between L0 and L. Thus, � isthe identity element of Gal(L=L0). Now, for �; � ∈ Gal(L=K), with � |L0= 'mand � |L0= 'n for some 0 ≤ m;n ∈ Z, we 
an use the alternative de�nition ofthe generalized arrow ���(')L=K , introdu
ed in Remark 2.3, to show that���(')L=K(��) = (�m+nK :NL0=KL×0 ; �('′)L=L0('−(m+n)��))= ((�mK :NL0=KL×0 )(�nK :NL0=KL×0 ); �('′)L=L0('−m�)�('′)L=L0('−n�)'−m�)= (�mK :NL0=KL×0 ; �('′)L=L0('−m�))(�nK :NL0=KL×0 ; �('′)L=L0('−n�)'−m�)= ���(')L=K(�)���(')L=K(�)�by [8, Theorem 5.6℄ and by the de�nition of the a
tion of � ∈ Gal(L=K) on���(')L=K(�) ∈ K×=NL0=KL×0 × U⋄

X̃(L=K)=UX(L=K), de�ned by (2.7). �Now, we immediately arrive at the following result.Corollary 2.5. Let a law of 
omposition ∗ be de�ned on im(���(')L=K) by(a; U ) ∗ (b; V ) = (a:b; U:V (�('′)L=L0 )−1(U)) (2.9)for (a; U), (b; V ) ∈ im(���(')L=K), where a = a:NL0=KL×0 and b = b:NL0=KL×0 ∈K×=NL0=KL×0 with a; b ∈ K×, and for U = U:UX(L=K) and V = V:UX(L=K) ∈



GENERALIZED FESENKO RECIPROCITY MAP 125U⋄
X̃(L=K)=UX(L=K) with U; V ∈ U⋄

X̃(L=K). Then im(���(')L=K) is a topologi
al groupunder ∗, and the map ���(')L=K indu
es an isomorphism of topologi
al groups���(')L=K : Gal(L=K) ∼
−→ im(���(')L=K); (2.10)where the topologi
al group stru
ture on im(���(')L=K) is de�ned with respe
t tothe binary operation ∗ de�ned by (2.9).Re
all that, for any in�nite APF -Galois extension L=K and every −1 ≤u ∈ R, the uth higher rami�
ation subgroup Gal(L=K)u of Gal(L=K) in lowernumbering is de�ned byGal(L=K)u = Gal(L=K)'L=K(u);where −1 ≤ 'L=K(u) ∈ R is the number de�ned by formula (3.1) in [8℄, andthat, as usual, the 'L=K(u)th higher rami�
ation subgroup Gal(L=K)'L=K (u)of Gal(L=K) in upper numbering is de�ned to be the proje
tive limitGal(L=K)'L=K (u) = lim←−K⊆F⊂LGal(F=K)'L=K (u);see [8, (2.1) and (2.2)℄. Now, let E=K be a Galois subextension of L=K. Then,for any 
hain of �eld extensions �nite Gal.︷ ︸︸ ︷K ⊆ F︸ ︷︷ ︸�nite Gal. ⊆ F ′ ⊂ L, the squareGal(F ′=K)'L=K(u)tF ′F ′∩E('L=K(u))

//tF ′F ('L=K(u))
��

Gal(F ′ ∩ E=K)'L=K(u)tF ′∩EF∩E ('L=K (u))
��Gal(F=K)'L=K(u) tFF∩E('L=K(u))

// Gal(F ∩ E=K)'L=K(u) (2.11)
is 
ommutative. Thus, passing to the proje
tive limits, we see that there existsa 
ontinuous group homomorphismtLE('L=K(u)) = lim

←−K⊆F⊂L tFF∩E('L=K(u)) : Gal(L=K)'L=K(u)
→ Gal(E=K)'L=K (u); (2.12)whi
h is essentially the restri
tion morphism from L to E. This morphismis a surje
tion, be
ause the obje
ts in the respe
tive proje
tive systems are
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ompa
t and Hausdor�. Furthermore, the squareGal(L=K) rLE // Gal(E=K)Gal(L=K)'L=K(u) tLE('L=K(u))
//

in
. OO Gal(E=K)'L=K (u)in
.OO

Gal(L=K)'L=K (u′) tLE('L=K(u′))
//

in
. OO Gal(E=K)'L=K(u′)in
.OO

(2.13)
is 
ommutative for every pair u; u′ ∈ R≥−1 satisfying u ≤ u′. Here, the arrowrLE : Gal(L=K) → Gal(E=K) is the restri
tion map. Therefore, we arrive atthe following result.Lemma 2.6. For 0 ≤ u ∈ R, the topologi
al isomorphism de�ned by (2.1) and(2.2) indu
es a topologi
al isomorphismGal(L=K)u ≃ Gal(L0=K)'L=K(u)

︸ ︷︷ ︸
〈idL0〉 ×Gal(L=L0)'L=K(u) (2.14)de�ned by � 7→ (tLL0('L=K(u))(�); '−m�) = (idL0 ; �) (2.15)for every � ∈ Gal(L=K)u with � |L0= tLL0('L=K(u))(�) = 'm |L0 for some0 ≤ m ∈ Z satisfying d | m.Proof. Note that, for 0 ≤ u ∈ R, Gal(L0=K)'L=K(u) is the trivial group< idL0 >, be
ause L0=K is a �nite unrami�ed extension. Thus, for � ∈Gal(L=K)u, by the 
ommutativity of the diagram (2.13) we havetLL0('L=K(u))(�) = � |L0= idL0 ;and in return � 7→ (idL0 ; '−m�) = (idL0 ; �);where � |L0= idL0 = 'm |L0 for some 0 ≤ m ∈ Z satisfying d | m. Sin
e Lis �xed by 'd, we have '−m� = �, so that (idL0 ; '−m�) = (idL0 ; �). Now,the inje
tivity of the morphism (2.14), de�ned by (2.15), is 
lear from the
ommutative square (2.13) and from the inje
tivity of the arrow de�ned by(2.2). Thus, it suÆ
es to prove that this morphism is a surje
tion, whi
h followsfrom the triviality of Gal(L0=K)'L=K(u) for 0 ≤ u ∈ R, and from the fa
t thatGal(L=K)u = Gal(L=L0)'L=K(u). �



GENERALIZED FESENKO RECIPROCITY MAP 127Now, L=L0 is an APF -Galois subextension of L=K by part (i) of Lemma3.3 in [8℄. Let 'L=L0 : R≥−1 → R≥−1 be the Hasse{Herbrand fun
tion 
orre-sponding to the APF -extension L=L0 de�ned by relation (3.1) in [8℄, whi
his pie
ewise-linear and 
ontinuous. So, there exists a unique number w =w(u;L=K) ∈ R≥−1 depending on u, satisfying 'L=K(u) = 'L=L0(w), and su
hthat Gal(L=L0)'L=K(u) = Gal(L=L0)'L=L0 (w) = Gal(L=L0)w:Thus, Lemma 2.6 
an be reformulated as follows. The topologi
al isomorphismde�ned by (2.1) and (2.2) indu
es a topologi
al isomorphismGal(L=K)u ≃ 〈idL0〉 ×Gal(L=L0)w(u;L=K)for every 0 ≤ u ∈ R.For ea
h 0 ≤ i ∈ R, we 
onsider the ith higher unit group U ĩ
X(L=K) of the�eld X̃(L=K), and introdu
e the group

(U⋄
X̃(L=K))i = U⋄

X̃(L=K) ∩ U ĩX(L=K): (2.16)Now, the Fesenko rami�
ation theorem, stated as Theorem 5.8 in [8℄, has thefollowing generalization for the generalized arrow ���(')L=K 
orresponding to theextension L=K that is an in�nite APF -Galois subextension of K'd=K withresidue-
lass degree [�L : �K ℄ = d.Theorem 2.7 (Rami�
ation theorem). For 0 ≤ u ∈ R, let Gal(L=K)u denotethe uth higher rami�
ation subgroup in the lower numbering of the Galoisgroup Gal(L=K) 
orresponding to the in�nite APF -Galois subextension L=Kof K'd=K with residue-
lass degree [�L : �K ℄ = d. Then, for 0 ≤ n ∈ Z, wehave the in
lusion���(')L=K (Gal(L=K) L=K◦'L=L0 (n) −Gal(L=K) L=K◦'L=L0 (n+1))
⊆
〈1K×=NL0=KL×0 〉

×

((U⋄
X̃(L=K))n UX(L=K)=UX(L=K) − (U⋄

X̃(L=K))n+1 UX(L=K)=UX(L=K)) :Proof. We start with the following general observation. Let 0 ≤ u ∈ R. Let� ∈ Gal(L=K)u = Gal(L=L0)'L=K(u). Then, by the de�nition of the generalizedarrow ���(')L=K reformulated as in Remark 2.3,���(')L=K(�) = (�mK :NL0=KL×0 ; �('′)L=L0('−m�)) ;



128 K. I. IKEDA, E. SERBESTwhere � |L0= 'm |L0 for some 0 ≤ m ∈ Z satisfying d | m, be
ause � ∈Gal(L=K)u and � |L0= tLL0('L=K(u))(�) ∈ Gal(L0=K)'L=K (u) = 〈idL0〉. Thus,���(')L=K(�) = (1K×=NL0=KL×0 ; �('′)L=L0('−m�)) ;as m = dm′ and thereby �dm′K NL0=KL×0 = NL0=KL×0 = 1K×=NL0=KL×0 , be
auseNL0=K�m′K = �mK . Therefore, we have���(')L=K(�) = (1K×=NL0=KL×0 ; �('′)L=L0(�)) :Indeed, '−m� = � in Gal(L=L0) be
ause d | m and L ⊂ K'd .Now, to prove the theorem, we put u =  L=K ◦ 'L=L0(n) and u′ =  L=K ◦'L=L0(n+ 1). Then, for any � ∈ Gal(L=K)u −Gal(L=K)u′ , the Fesenko ram-i�
ation theorem (see [8, Theorem 5.8℄) shows that the se
ond 
oordinate of���(')L=K(�) satis�es�('′)L=L0(�) ∈ (U⋄
X̃(L=K))n UX(L=K)=UX(L=K) − (U⋄

X̃(L=K))n+1 UX(L=K)=UX(L=K);be
auseGal(L=K)u = Gal(L=L0)'L=K(u) = Gal(L=L0)'L=L0 (n) = Gal(L=L0)nand likewiseGal(L=K)u′ = Gal(L=L0)'L=K(u′) = Gal(L=L0)'L=L0 (n+1) = Gal(L=L0)n+1;whi
h 
ompletes the proof. �Now, let M=K be an in�nite Galois subextension of L=K. Thus, by [8,Lemma 3.3℄, M is an APF -Galois extension over K. We further assume thatthe residue-
lass degree [�M : �K ℄ is equal to d′ and K ⊂M ⊂ K'd′ for somed′ | d. Let���(')M=K : Gal(M=K)→ K×=NM0=KM×0 × U⋄
X̃(M=K)=UX(M=K)be the 
orresponding generalized arrow de�ned for the extension M=K. Here,M0 =M ∩Knr = Knrd′ .Let K ⊂ Lo = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ Lbe an as
ending 
hain satisfying L = ⋃0≤i∈ZEi and [Ei+1 : Ei℄ <∞ for every0 ≤ i ∈ Z. ThenK ⊂Mo = Eo ∩M ⊆ E1 ∩M ⊆ · · · ⊆ Ei ∩M ⊆ · · · ⊂M
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ending 
hain of �eld extensions satisfyingM = ⋃0≤i∈Z
(Ei∩M) and also[Ei+1 ∩M : Ei ∩M ℄ < ∞ for every 0 ≤ i ∈ Z. Thus, we 
onstru
t X(M=K)by the sequen
e (Ei ∩M)0≤i∈Z and X̃(M=K) by the sequen
e (Ẽi ∩M)0≤i∈Z.Observe that Ei∩M 6= Ei for every 0 ≤ i ∈ Z. Furthermore, the 
ommutativesquare Ẽ×i

∏0≤`�f(L=M)('d′ )`ÑEi=Ei∩M
��

Ẽ×i′ÑEi′=Eioo

∏0≤`�f(L=M)('d′ )`ÑEi′=Ei′∩M
��Ẽi ∩M× Ẽi′ ∩M×

ÑEi′∩M=Ei∩M
oofor every pair 0 ≤ i; i′ ∈ Z satisfying i ≤ i′, indu
es the group homomorphism

ÑL=M = lim←−0≤i∈Z


 ∏0≤`�f(L=M)('d′)`ÑEi=Ei∩M : X̃(L=K)× → X̃(M=K)×(2.17)de�ned by

ÑL=M ((�Ẽi)0≤i∈Z

) =  ∏0≤`�f(L=M)('d′)`ÑEi=Ei∩M (�Ẽi)0≤i∈Z

; (2.18)for every (�Ẽi)0≤i∈Z ∈ X̃(L=K)×.Remark 2.8. The group homomorphism
ÑL=M : X̃(L=K)× → X̃(M=K)×de�ned by (2.17) and (2.18) does not depend on the 
hoi
e of the as
ending
hain K ⊂ Lo = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ Lsatisfying L = ⋃0≤i∈ZEi and [Ei+1 : Ei℄ <∞ for every 0 ≤ i ∈ Z.Remark 2.9. For 0 ≤ i ∈ Z, let E(Ei∩M)i;0 = Ei ∩ (Ei ∩M)nr be the maximalunrami�ed extension of Ei ∩M inside Ei. To simplify the notation, we putEi;0 = Ei ∩ (Ei ∩M)nr. Then the Galois group Gal(Ei;0=Ei ∩M) is 
y
li
 oforder f(L=M) = dd′ and is generated by 'd′ . Thus, for � ∈ Ei,NEi=Ei∩M (�) = ÑEi=Ei∩M (�)1+'d′+···+'d′(f(L=M)−1) :The basi
 properties of this group homomorphism are listed below.



130 K. I. IKEDA, E. SERBEST(i) If U = (uẼi)0≤i∈Z ∈ UX̃(L=K), then ÑL=M (U) ∈ UX̃(M=K).Proof. Indeed, using the de�nition of the valuation �X̃(M=K) of X̃(M=K) andthe de�nition of the valuation �X̃(L=K) of X̃(L=K), we obtain�X̃(M=K) (ÑL=M (U)) = �X̃(M=K) ∏0≤`�f(L=M)('d′)`ÑEi=Ei∩M (uẼi)0≤i∈Z


= �K̃  ∏0≤`�f(L=M)('d′)`(uK̃) = ∑0≤`�f(L=M) �K̃ (('d′)`(uK̃))= ∑0≤`�f(L=M) �K̃(uK̃) = 0;be
ause �K̃ (('d′)`(uK̃)) = �K̃(uK̃) for ` = 1; · · · ; f(L=M)− 1, and�X̃(L=K)(U) = �K̃(uK̃) = 0;be
ause U ∈ UX̃(L=K). �(ii) If U = (uẼi)0≤i∈Z ∈ U⋄

X̃(L=K), then ÑL=M (U) ∈ U⋄
X̃(M=K).Proof. Note that L̃0 = K̃ and M̃0 = K̃. Now, the 
laim follows from theobservation that PrK̃(U) = uK̃ ∈ UL0and PrK̃ (ÑL=M (U)) = ∏0≤`�f(L=M)('d′)`ÑEo=Eo∩M (uẼo)= ∏0≤`�f(L=M)('d′)`uK̃ = NEo=Eo∩M (uK̃) ∈ UM0 :

�(iii) If U = (uEi)0≤i∈Z ∈ UX(L=K), then ÑL=M (U) ∈ UX(M=K).Proof. This follows from the de�nition (2.18) of the homomorphism (2.17),
ombined with the fa
t thatÑEi=Ei∩M (uEi)1+'d′+···+'d′(f(L=M)−1) = NEi=Ei∩M (uEi)for every uEi ∈ UEi and every 0 ≤ i ∈ Z, by Remark 2.9. �



GENERALIZED FESENKO RECIPROCITY MAP 131Observe that ÑEi=Ei−1 (�1+'d′+···+'d′(f−1)) = ÑEi=Ei−1 (�)1+'d′+···+'d′(f−1)for any � ∈ Ẽi with 1 ≤ i ∈ Z, where f = f(L=M). Thus, we 
an de�ne ahomomorphism
〈'〉L=M : X̃(L=L0)× → X̃(L=L0)× (2.19)by the rule

〈'〉L=M : (�Ẽi)0≤i∈Z
7→

(�1+'d′+···+'d′(f−1)Ẽi )0≤i∈Z
(2.20)for every (�Ẽi)0≤i∈Z

∈ X̃(L=L0)×. The basi
 properties of this group homo-morphism are listed below.(i) 〈'〉L=M (UX̃(L=L0)) ⊆ UX̃(L=L0).Proof. Indeed, the de�nition of the valuation �X̃(L=L0) of X̃(L=L0) shows that�X̃(L=L0) (〈'〉L=M (U)) = �X̃(L=L0)(u1+'d′+···+'d′(f(L=M)−1)Ẽi )0≤i∈Z= �K̃ (u1+'d′+···+'d′(f(L=M)−1)K̃ ) = ∑0≤`�f(L=M) �K̃ (('d′)`(uK̃))= ∑0≤`�f(L=M) �K̃(uK̃) = 0;be
ause �K̃ (('d′)`(uK̃)) = �K̃(uK̃) for ` = 1; · · · ; f(L=M)− 1, and�X̃(L=K)(U) = �K̃(uK̃) = 0;be
ause U ∈ UX̃(L=K). �(ii) 〈'〉L=M (U⋄
X̃(L=L0)) ⊆ U⋄

X̃(L=L0).Proof. Note that L̃0 = K̃. Now, the 
laim follows from the observation thatPrK̃(U) = uK̃ ∈ UL0and PrK̃ (〈'〉L=M (U)) = u1+'d′+···+'d′(f(L=M)−1)K̃= ∏0≤`�f(L=M)('d′)`uK̃ = NEo=Eo∩M (uK̃) ∈ UM0 ⊆ UL0 :
�



132 K. I. IKEDA, E. SERBEST(iii) 〈'〉L=M (UX(L=L0)) ⊆ UX(L=L0).Proof. Clearly, for U = (uEi)0≤i∈Z ∈ UX(L=Lo) we have
〈'〉L=M (U) = (u1+'d′+···+'d′(f(L=M)−1)Ei )0≤i∈Z ∈ UX(L=Lo)be
ause uEi ∈ UEi for every 0 ≤ i ∈ Z. �Thus, there exists a group homomorphism

ÑL=M ◦ 〈'〉L=M : X̃(L=K)× → X̃(M=K)× (2.21)satisfying(i) ÑL=M ◦ 〈'〉L=M (UX̃(L=K)) ⊆ UX̃(M=K);(ii) ÑL=M ◦ 〈'〉L=M (U⋄
X̃(L=K)) ⊆ U⋄

X̃(M=K);(iii) ÑL=M ◦ 〈'〉L=M (UX(L=K)) ⊆ UX(M=K).Now, we introdu
e the Coleman norm map
ÑColemanL=M : U⋄

X̃(L=K)=UX(L=K) → U⋄
X̃(M=K)=UX(M=K) (2.22)from L to M by

ÑColemanL=M (U) = ÑL=M ◦ 〈'〉L=M (U):UX(M=K) (2.23)for every U ∈ U⋄
X̃(L=K), where, as before, U denotes the 
oset U:UX(L=K) inU⋄

X̃(L=K)=UX(L=K).Lemma 2.10. For an in�nite Galois subextension M=K of L=K su
h thatthe residue-
lass degree [�M : �K ℄ is equal to d′ and K ⊂M ⊂ K'd′ for somed′ | d, the square Gal(L=L0) �('d)L=L0 //resM
��

U⋄
X̃(L=L0)=UX(L=L0)

ÑColemanL=M
��Gal(M=M0) �('d′ )M=M0// U⋄

X̃(M=M0)=UX(M=M0); (2.24)
where the right-verti
al arrow is the Coleman norm map ÑColemanL=M from L toM de�ned by (2.22) and (2.23), is 
ommutative.Proof. For � ∈ Gal(L=L0), we have resM (�) = � |M∈ Gal(M=M0), be
auseL0 ∩M = L ∩Knr ∩M = M ∩Knr = M0. Now, for any � ∈ Gal(L=L0), ina

ordan
e with the de�nition, we 
an write �('d)L=L0(�) = U�:UX(L=L0), where



GENERALIZED FESENKO RECIPROCITY MAP 133U� ∈ U⋄
X̃(L=L0) satis�es the equation U1−'d� = ��−1'd;L=L0 . Thus, to prove the
ommutativity of the square, it suÆ
es to 
he
k that
ÑL=M (U1+'d′+···+'d′(f(L=M)−1)� ) ≡ U�|M (mod UX(M=M0));where U�|M ∈ U⋄

X̃(M=M0) satis�es U1−'d′�|M = ��|M−1'd′ ;M=M0 . By Remark 2.8, withoutloss of generality we 
an �x a basi
 sequen
e (
f. [8℄)L0 = E0 ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L;where(i) L = ⋃0≤i∈ZEi;(ii) Ei=L0 is a Galois extension for every 0 ≤ i ∈ Z;(iii) Ei+1=Ei is 
y
li
 of prime degree [Ei+1 : Ei℄ = p = 
har(�L0) for ea
h1 ≤ i ∈ Z;(iv) E1=E0 is 
y
li
 of degree relatively prime to p.Thus, ea
h extension Ei=L0 is �nite and Galois for 0 ≤ i ∈ Z. Now, we notethat
ÑL=M (U1+'d′+···+'d′(f(L=M)−1)� )1−'d′ = ÑL=M (U�)1−'d = ÑL=M (U1−'d� ):Sin
e U1−'d� = ��−1'd;L=L0 , setting U� = (uẼi)0≤i∈Z, for 0 ≤ i ∈ Z we obtain
ÑL=M (U1+'d′+···+'d′(f(L=M)−1)� )1−'d′i= ÑL=M (��−1'd;L=L0)i = ÑEi=Ei∩M (��−1Ei )1+'d′+···+'d′(f(L=M)−1)= NEi=Ei∩M (��−1Ei ) = ��|M−1Ei∩M :It follows that ÑL=M ◦ 〈'〉L=M (U�)1−'d′ = ��|M−1'd′ ;M=M0 , whi
h yields the 
on-gruen
e ÑL=M ◦ 〈'〉L=M (U�) ≡ U�|M (mod UX(M=M0)). This 
ompletes theproof. �We arrive at the following theorem.Theorem 2.11. For an in�nite Galois subextension M=K of L=K su
h thatthe residue-
lass degree [�M : �K ℄ is equal to d′ and K ⊂M ⊂ K'd′ for some



134 K. I. IKEDA, E. SERBESTd′ | d, the following square is 
ommutative:Gal(L=K) ���(')L=K
//resM

��

K×=NL0=KL×0 × U⋄
X̃(L=K)=UX(L=K)
(eCFTL0=M0 ;ÑColemanL=M )

��Gal(M=K) ���(')M=K
// K×=NM0=KM×0 × U⋄

X̃(M=K)=UX(M=K);where the right verti
al arrowK×=NL0=KL×0 × U⋄
X̃(L=K)=UX(L=K) (eCFTL0=M0 ;ÑColemanL=M )

−−−−−−−−−−−−−→ K×=NM0=KM×0
× U⋄

X̃(M=K)=UX(M=K)is de�ned by the rule
(eCFTL0=M0 ; ÑColemanL=M ) : (a; U) 7→ (eCFTL0=M0(a); ÑColemanL=M (U))for every (a; U) ∈ K×=NL0=KL×0 × U⋄

X̃(L=K)=UX(L=K). Here,eCFTL0=M0 : K×=NL0=KL×0 → K×=NM0=KM×0is the natural in
lusion de�ned via the existen
e theorem of the lo
al 
lass �eldtheory.Proof. By the isomorphism de�ned by (2.1) and (2.2), for any � ∈ Gal(L=K)there exists a unique 0 ≤ m ∈ Z su
h that � |L0= 'm and '−m� ∈ Gal(L=L0).By the de�nition, we have���(')L=K(�) = (�mKNL0=KL×0 ; �('d)L=L0('−m�)) :Thus,
(eCFTL0=M0 ; ÑColemanL=M )(�mKNL0=KL×0 ; �('d)L=L0('−m�))= (eCFTL0=M0(�mKNL0=KL×0 ); ÑColemanL=M (�('d)L=L0('−m�)))= (�mKNM0=KM×0 ; �('d′ )M=M0('−m� |M ))by Lemma 2.10. The existen
e theorem of the lo
al 
lass �eld theory yieldseCFTL0=M0(�mKNL0=KL×0 ) = �mKNM0=KM×0 = �m′K NM0=KM×0 ;



GENERALIZED FESENKO RECIPROCITY MAP 135where 0 ≤ m′ ∈ Z is a unique integer satisfying (� |M ) |M0= � |M0= 'm′ and'−m′(� |M ) ∈ Gal(M=M0). Hen
e,
(eCFTL0=M0 ; ÑColemanL=M ) (���(')L=K(�)) = (�m′K NM0=KM×0 ; �('d′ )M=M0('−m� |M ))= (�m′K NM0=KM×0 ; �('d′ )M=M0('−m′(� |M ))) = ���(')M=K(resM (�))by Remark 2.2, part (i), whi
h 
ompletes the proof. �Now, let F=K be a �nite subextension of L=K. Thus, L=F is an in�niteAPF -Galois extension (see Lemma 3.3 in [8℄). We �x a Lubin{Tate splitting'F over F and assume that the residue-
lass degree [�L : �F ℄ is equal to d′ forsome d′ | d, and that there exists a 
hain of �eld extensionsF ⊂ L ⊂ F('F )d′ :Thus, we have the generalized arrow���('F )L=F : Gal(L=F )→ F×=NL(F )0 =FL(F )0 ×

× U⋄
X̃(L=F )=UX(L=F )
orresponding to the extension L=F . Here, as usual, L(F )0 is de�ned by L(F )0 =L ∩ F nr = F nrd′ . Observe the following diagram of �eld extensions:LL(F )0totally rami�ed

{{
{{

{{
{{ [L(F )0 :F ℄<∞

??
??

??
??L(K)0[L(K)0 :K℄<∞ EEE

EE
EEE

F[F :K℄<∞
||

||
||

||
|KThus, L=L(F )0 and L=L(K)0 are in�nite totally rami�ed APF -Galois extensions,by Lemma 3.3 in [8℄, and we have L(F )0 ⊂ L ⊂ (L(F )0 )'d′F and L(K)0 ⊂ L ⊂

(L(K)0 )'dK .



136 K. I. IKEDA, E. SERBESTRemark 2.12. Note that L(F )0 is 
ompatible with (L(K)0 ; 'L(K)0 ) in the senseof [10, pp. 89℄, where 'L(K)0 = 'dK . Thus, 'L(F )0 = 'd′F = 'f(L(F )0 =L(K)0 )L(K)0 = 'dK ,be
ause L(F )0 =L(K)0 is totally rami�ed.For the extension L=L(F )0 , we �x an as
ending 
hainL(F )0 = Fo ⊂ F1 ⊂ · · · ⊂ Fi ⊂ · · · ⊂ Lsatisfying L = ⋃0≤i∈Z Fi and [Fi+1 : Fi℄ < ∞ for every 0 ≤ i ∈ Z. Following[8℄ we introdu
e a homomorphism�F=K : X̃(L=L(F )0 )× → X̃(L=L(K)0 )× (2.25)by�F=K : (�F0 ÑF1=F0←−−−−− �F1 ÑF2=F1←−−−−− · · ·
)

7→ (ÑL(F )0 =L(K)0 (�F0) ÑL(F )0 =L(K)0←−−−−−−− �F0 ÑF1=F←−−−− �F1 ÑF2=F1←−−−−− · · · ) (2.26)for ea
h (�Fi)0≤i∈Z ∈ X̃(L=L(F )0 )×. This homomorphism indu
es a group ho-momorphism�F=K : U⋄

X̃(L=L(F )0 )=UX(L=L(F )0 ) → U⋄

X̃(L=L(K)0 )=UX(L=L(K)0 ) (2.27)de�ned by �F=K : U 7→ �F=K(U):UX(L=L(K)0 ) (2.28)for every U ∈ U⋄

X̃(L=L(F )0 ), where the symbol U denotes the 
oset U:U
X(L=L(F )0 )in U⋄

X̃(L=L(F )0 )=UX(L=L(F )0 ) (see [8℄ for the details).Lemma 2.13. Let F=K be a �nite subextension of L=K. Fix a Lubin{Tatesplitting 'F over F . Assume that the residue-
lass degree [�L : �F ℄ is equal tod′ and F ⊂ L ⊂ F('F )d′ for some d′ | d. Then the squareGal(L=L(F )0 )�('dK )L=L(F )0 //in
:
��

U⋄

X̃(L=L(F )0 )=UX(L=L(F )0 )�F=K
��Gal(L=L(K)0 )�('dK )L=L(K)0 // U⋄

X̃(L=L(K)0 )=UX(L=L(K)0 ); (2.29)



GENERALIZED FESENKO RECIPROCITY MAP 137where the right verti
al arrow�F=K : U⋄

X̃(L=L(F )0 )=UX(L=L(F )0 ) → U⋄

X̃(L=L(K)0 )=UX(L=L(K)0 )is de�ned by (2.27) and (2.28), is 
ommutative.Proof. Look at the proof of Theorem 5.12 in [8℄. �We arrive at the following theorem.Theorem 2.14. Let F=K be a �nite subextension of L=K. Fix a Lubin{Tatesplitting 'F over F . Assume that the residue-
lass degree [�L : �F ℄ is equalto d′ and F ⊂ L ⊂ F('F )d′ for some d′ | d. Then the following square is
ommutative:Gal(L=F ) ���('F )L=F
//in
:

��

F×=NL(F )0 =FL(F )0 ×
× U⋄

X̃(L=F )=UX(L=F )(NF=K ;�F=K)
��Gal(L=K) ���('K )L=K

// K×=NL(K)0 =KL(K)0 ×
× U⋄

X̃(L=K)=UX(L=K); (2.30)
where the right verti
al arrow(NF=K ; �F=K) : F×=NL(F )0 =FL(F )0 ×

× U⋄
X̃(L=F )=UX(L=F )

→ K×=NL(K)0 =KL(K)0 ×
× U⋄

X̃(L=K)=UX(L=K)is de�ned by (NF=K ; �F=K) : (a; U) 7→ (NF=K(a); �F=K(U))for every (a; U) ∈ F×=NL(F )0 =FL(F )0 ×
× U⋄

X̃(L=F )=UX(L=F ).Proof. Let � ∈ Gal(L=F ). There exists 0 ≤ m ∈ Z su
h that � |L(F )0 = 'mFand '−mF � ∈ Gal(L=L(F )0 ). Now,���('F )L=F (�) = (�mF :NL(F )0 =FL(F )0 ×; �('dK)L=L(F )0 ('−mF �))and (NF=K ; �F=K)(���('F )L=F (�)) = (�mK :NL(K)0 =KL(K)0 ×; �('dK )L=L(K)0 ('−mF �)) ;by the norm-
ompatibility of primes in the �xed Lubin{Tate labeling and byLemma 2.13. There exists 0 ≤ m′ ∈ Z su
h that � |L(K)0 = 'm′K and '−m′K � ∈



138 K. I. IKEDA, E. SERBESTGal(L=L(K)0 ). By part (ii) of Remark 2.2, it follows that 'mF |L(K)0 = 'm′K and'−mF � = '−m′K �. Now, NF=K : �mF NL(F )0 =FL(F )0 ×
7→ �m′K NL(K)0 =KL(K)0 × =�mK :NL(K)0 =KL(K)0 × by the Abelian lo
al 
lass �eld theory. Thus,(NF=K ; �F=K)(���('F )L=F (�)) = (�mK :NL(K)0 =KL(K)0 ×; �('dK )L=L(K)0 ('−mF �))= (�m′K :NL(K)0 =KL(K)0 ×; �('dK )L=L(K)0 ('−m′K �)) = ���('K )L=K (�);whi
h 
ompletes the proof. �Let L=K be any APF -Galois subextension of K'd=K, where the residue-
lass degree is d. If L=K is assumed to be a �nite extension, then the K̃-
oordinate of the generalized arrow ���(')L=K : Gal(L=K) → K×=NL0=KL×0 ×U⋄

X̃(L=K)=UX(L=K) is the Iwasawa{Neukir
h map �L=K of L=K (for the detailson the Iwasawa{Neukir
h map �L=K of the Galois extension L=K, see [8, §1℄).More pre
isely, we have the following statement.Proposition 2.15. De�ne a homomorphism� : K×=NL0=KL×0 × U⋄
X̃(L=K)=UX(L=K) → K×=NL=KL× (2.31)by � : (�mK ; (uẼ)) 7→ �mKNL0=K(uL̃0) mod NL=KL× (2.32)for every (�mK ; (uẼ)) ∈ K×=NL0=KL×0 ×U⋄

X̃(L=K)=UX(L=K). Then the 
ompositemap
Gal(L=K) ���(')L=K

//

�◦���(')L=K=�L=K
((K×=NL0=KL×0 × U⋄

X̃(L=K)=UX(L=K) �
// K×=NL=KL×(2.33)is the Iwasawa{Neukir
h map �L=K : Gal(L=K)→ K×=NL=KL× of L=K.Proof. We follow §1 in [8℄ to brie
y re
all the 
onstru
tion of the Iwasawa{Neukir
h map �L=K : Gal(L=K)→ K×=NL=KL×for the Galois extension L=K. For every � ∈ Gal(L=K), we 
hoose �∗ ∈Gal(Lnr=K) in su
h a way that(i) �∗ |L= �; and



GENERALIZED FESENKO RECIPROCITY MAP 139(ii) �∗ |Knr= 'n for some 0 < n ∈ Z.Let ��∗ be the �xed �eld (Lnr)�∗ of �∗ ∈ Gal(Lnr=K) in Lnr. It is wellknown that [��∗ : K℄ < ∞. Now, the map �L=K : Gal(L=K) → K×=NL=KL×is de�ned by �L=K(�) = N��∗=K(���∗ ) mod NL=KL×, for � ∈ Gal(L=K),where ���∗ denotes any prime element of ��∗ . Thus, for a �nite APF -Galoisextension L=K satisfying [�L : �K ℄ = d and K ⊂ L ⊂ K'd , it suÆ
es to provethat, for � ∈ Gal(L=K),� ◦ ���(')L=K(�) = �L=K(�) = N��∗=K(���∗ ) mod NL=KL×;where ���∗ denotes any prime element of ��∗ . For � ∈ Gal(L=K), there exists0 ≤ m ∈ Z su
h that � |L0= 'm and � = '−m� ∈ Gal(L=L0). Thus, � = 'm� .Case 1: m > 0. In this 
ase, it suÆ
es to prove that�mKNL0=K (PrL̃0(�('d)L=L0('−m�))) = N��∗=K(���∗ ) mod NL=KL×;where ���∗ denotes any prime element of ��∗ . To prove this relation, we 
hoose�∗ ∈ Gal(Lnr=K) su
h that(i) �∗ |L= �;(ii) �∗ |Knr= 'm.Indeed, let �∗ = 'm |Lnr �∗, where �∗ ∈ Gal(Lnr=L0) is de�ned uniquely bythe 
onditions �∗ |L= � and �∗ |Knr= idKnr , be
ause Lnr = LKnr. Note that,for � = ��∗ , �0 = � ∩Knr is a �nite extension of degree [�0 : K℄ = m overK, be
ause �0 
oin
ides with (Knr)'m , the �xed �eld of 'm ∈ Gal(Knr=K)in Knr. Sin
e L is �xed by 'd, T = L ∩ K' is an unrami�ed extension ofdegree d. Thus, the prime element �T is a prime element of L and of Lnr.Now, 
hoose a prime element �� of �. It is well known that �nr = Lnr (see§2 in Chapter 4 of [4℄). Thus, �� is a prime element of Lnr. So, there exists aunit v ∈ Lnr ⊂ L̃ su
h that �� = �T v. Note that ��∗−1� = 1 be
ause � is �xedby �∗. Thus, (�T v)�∗−1 = 1 and we get the relations��−1T = v1−�∗ = v1−'m�∗ = v1−�∗v(1−'m)�∗ :Re
all that (by Proposition 1.8 in Chapter IV of [4℄ or by Subse
tion 1.1 in[10℄), UL̃ is multipli
atively (1 − 'm)-divisible. So, there exists w ∈ UL̃ su
hthat w1−'m = v. Hen
e, ��−1T = (w1−�∗v�∗)1−'m ;be
ause 'm�∗ = �∗'m. Now, we 
hoose z ∈ UL̃ in the following way: z =(w1−�∗v�∗)1+'+···+'m−1 . Observe that this z ∈ UL̃ satis�es z1−' = ��−1T .Clearly, ÑL=K(z) = ÑL=K(v)1+'+···+'m−1 :



140 K. I. IKEDA, E. SERBESTAfter these preliminary observations, we see thatN�=K(��) = N�0=K ◦N�=�0(��)= ÑL=K(��)1+'+···+'m−1= ÑL=K(�T v)1+�+···+�m−1= �mKÑL=K(v)1+'+···+'m−1= �mKÑL=K(z);be
ause �T belongs to the �xed Lubin{Tate labeling. Thus, the image of �under the Iwasawa{Neukir
h map �L=K is�L=K(�) = �mKÑL=K(z) mod NL=KL×:Now, let y ∈ UL be su
h thaty1−'d = �'−m�−1T = ��−1T :Note that T = L ∩K'. Then, setting z = y1+'+···+'d−1
∈ UL, we havez1−' = y1−'d = ��−1T :Thus, NL=K(y) = ÑL=K(y)1+'+···+'d−1 = ÑL=K(z);whi
h shows that�L=K(�) = �mKÑL=K(z) mod NL=KL×= �mKNL=K(y) mod NL=KL×= �mKNL0=K (ÑL=K(y)) mod NL=KL×= �mKNL0=K (PrL̃0(�('d)L=L0('−m�)))= � ◦���(')L=K(�);
ompleting the proof.Case 2: m = 0. In this 
ase, � ∈ Gal(L=L0). Consider 'd� ∈ Gal(Lnr=K).Then, by Case 1, we have�L=K('d�) = � ◦ ���(')L=K('d�);where �L=K('d�) = �L=K(�). Theorem 2.4 implies the formulas���(')L=K('d�) = ���(')L=K('d)���(')L=K(�)'d = (�dK :NL0=KL×0 ; �('d)L=L0(�)) ;



GENERALIZED FESENKO RECIPROCITY MAP 141where the last identity follows from the fa
t that K ⊂ L ⊂ K'd . Thus,� ◦ ���(')L=K(�) = � ◦ ���(')L=K('d�) = �dKNL0=K (PrL̃0(�('d)L=L0(�))) mod NL=KL×;whi
h proves the relation �L=K(�) = � ◦ ���(')L=K(�):The proposition is proved. �Now, we generalize the de�nition of the extended Hazewinkel map H(')L=K :U⋄
X̃(L=K)=YL=K → Gal(L=K) of Fesenko (
f. [1, 2, 3℄ and [8℄), initially de-�ned for totally rami�ed APF -Galois subextensions L=K of K'=K, to in�niteAPF -Galois subextensions L=K of K'd=K, where [�L : �K ℄ = d.For this, �rst we assume that the lo
al �eld K satis�es the 
ondition���p(Ksep) = {� ∈ Ksep : �p = 1} ⊂ K; (2.34)where p = 
har(�K). For the details on the assumption (2.34) on K, we referthe reader to [1, 2, 3℄.Let L=K be an in�nite APF -Galois extension with residue-
lass degree[�L : �K ℄ = d and with K ⊂ L ⊂ K'd . As usual, let L0 = L ∩ Knr. Weintrodu
e the generalized arrowHHH(')L=K : K×=NL0=KL×0 × U⋄

X̃(L=K)=YL=L0 → Gal(L=K) (2.35)for the extension L=K byHHH(')L=K ((�mKNL0=KL×0 ; U:YL=L0)) = 'm |L H('d)L=L0(U:YL=L0) (2.36)for every m ∈ Z and every U ∈ U⋄
X̃(L=K), where H('d)L=L0 : U⋄

X̃(L=K)=YL=L0 →Gal(L=L0) is the extended Hazewinkel map of Fesenko for the extension L=L0.For the de�nition and basi
 properties of the group YL=L0 , we refer the readerto [3℄ and [8℄.The following lemma is 
lear.Lemma 2.16. Suppose that the lo
al �eld K satis�es 
ondition (2.34). LetL=K be an in�nite APF -Galois subextension of K'd=K, where d = [�L : �K ℄.Then the generalized arrowHHH(')L=K : K×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0 → Gal(L=K) (2.37)for the extension L=K is a bije
tion.



142 K. I. IKEDA, E. SERBESTProof. The proof follows from the isomorphismGal(L=K) ≃ Gal(L0=K)×Gal(L=L0)
ombined with the bije
tivity ofH('d)L=L0 : U⋄
X̃(L=K)=YL=L0 → Gal(L=L0)(
f. Lemma 5.22 of [8℄) and the Abelian lo
al 
lass �eld theory for the extensionL0=K. �Now, 
onsider the 
omposition of arrowsGal(L=K) ���(')L=K

//���(')L=K ))

K×=NL0=KL×0 × U⋄
X̃(L=K)=UX(L=K)(idK×=NL0=KL×0 ;
L=L0)

��K×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0 ; (2.38)

where 
L=L0 : U⋄
X̃(L=K)=UX(L=K) → U⋄

X̃(L=K)=YL=L0 is the 
anoni
al map de�nedvia the in
lusion UX(L=K) ⊆ YL=L0 . Re
all that (see [8, (5.35)℄) the 
omposition
L=L0◦�('d)L=L0 = �('d)L=L0 : Gal(L=L0)→ U⋄
X̃(L=K)=YL=L0 is the Fesenko re
ipro
itymap for the extension L=L0. Now, let � ∈ Gal(L=K). Let 0 ≤ m ∈ Z be su
hthat � |L0= 'm |L0 and '−m� ∈ Gal(L=L0). Then, in a

ordan
e with thede�nition,HHH(')L=K ◦���(')L=K(�) =HHH(')L=K (�mK :NL0=KL×0 ; 
L=L0 ◦ �('d)L=L0('−m�))=HHH(')L=K (�mK :NL0=KL×0 ;�('d)L=L0('−m�))= 'm |L H('d)L=L0 (�('d)L=L0('−m�))= 'm |L ('−m�)= �by [8, Lemma 5.23℄. For 0 ≤ m ∈ Z and U ∈ U⋄

X̃(L=K), let(�mK :NL0=KL×0 ; U:YL=L0) ∈ K×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0 :



GENERALIZED FESENKO RECIPROCITY MAP 143Now, again by de�nition,���(')L=K ◦HHH(')L=K ((�mK :NL0=KL×0 ; U:YL=L0)) = ���(')L=K ('m |L H('d)L=L0(U:YL=L0))= (idK×=NL0=KL×0 ; 
L=L0) ◦ ���(')L=K ('m |L H('d)L=L0(U:YL=L0))= (idK×=NL0=KL×0 ; 
L=L0)(�mK :NL0=KL×0 ; �('d)L=L0(H('d)L=L0(U:YL=L0))= (�mK :NL0=KL×0 ;�('d)L=L0(H('d)L=L0(U:YL=L0))= (�mK :NL0=KL×0 ; U:YL=L0) ;by [8, Lemma 5.23℄. These 
omputations yieldHHH(')L=K ◦���(')L=K = idGal(L=K) (2.39)and ���(')L=K ◦HHH(')L=K = idK×=NL0=KL×0 ×U⋄
X̃(L=K)=YL=L0 : (2.40)Note that there is a natural 
ontinuous a
tion of Gal(L=K) on the topolog-i
al group K×=NL0=KL×0 × U⋄

X̃(L=K)=YL=L0 , de�ned by the Abelian lo
al 
lass�eld theory on the �rst 
omponent and by formula (5.7) and Lemma 5.20 in[8℄ on the se
ond 
omponent:(a; U)� = (a'm ; U'−m�) = (a; U'−m�) ; (2.41)for every � ∈ Gal(L=K), where � |L0= 'm for some 0 ≤ m ∈ Z and for everya ∈ K× with a = a:NL0=KL×0 and U ∈ U⋄
X̃(L=K) with U = U:YL=L0 . We shallalways view K×=NL0=KL×0 ×U⋄

X̃(L=K)=YL=L0 as a topologi
al Gal(L=K)-modulein this paper.So, we arrive at the following theorem, whi
h follows from Theorem 2.4,Lemma 2.16, and relations (2.39) and (2.40) 
ombined with the fa
t thatUX(L=K) is a topologi
al Gal(L=L0)-submodule of YL=L0 .Theorem 2.17. Suppose that the lo
al �eld K satis�es 
ondition (2.34). LetL=K be an in�nite APF -Galois subextension of K'd=K, where d = [�L : �K ℄.The mapping���(')L=K : Gal(L=K)→ K×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0de�ned for the extension L=K is a bije
tion with the inverseHHH(')L=K : K×=NL0=KL×0 × U⋄

X̃(L=K)=YL=L0 → Gal(L=K):



144 K. I. IKEDA, E. SERBESTFor every �; � ∈ Gal(L=K), the 
o
y
le 
ondition���(')L=K(��) = ���(')L=K(�)���(')L=K(�)� (2.42)is satis�ed.By Corollary 2.5, Theorem 2.17 has the following 
onsequen
e.Corollary 2.18. Let a law of 
omposition ∗ be de�ned on K×=NL0=KL×0 ×U⋄
X̃(L=K)=YL=L0 by the rule(a; U) ∗ (b; V ) = (a; U ):(b; V )(���(')L=K)−1((a;U)) (2.43)for every a = a:NL0=KL×0 ; b = b:NL0=KL×0 ∈ K×=NL0=KL×0 with a; b ∈ K×and every U = U:YL=L0 ; V = V:YL=L0 ∈ U⋄

X̃(L=K)=YL=L0 with U; V ∈ U⋄
X̃(L=K).Then K×=NL0=KL×0 × U⋄

X̃(L=K)=YL=L0 is a topologi
al group under ∗, and themap ���(')L=K indu
es an isomorphism of topologi
al groups���(')L=K : Gal(L=K) ∼
−→ K×=NL0=KL×0 × U⋄

X̃(L=K)=YL=L0 ; (2.44)where the topologi
al group stru
ture on K×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0 isde�ned with respe
t to the binary operation ∗ introdu
ed by (2.43).De�nition 2.19. Let K be a lo
al �eld satisfying 
ondition (2.34). Let L=Kbe an in�nite APF -Galois subextension of K'd=K, where d = [�L : �K ℄. Themapping ���(')L=K : Gal(L=K)→ K×=NL0=KL×0 × U⋄

X̃(L=K)=YL=L0de�ned in Theorem 2.17 is 
alled the generalized Fesenko re
ipro
ity map forthe extension L=K.We re
all that, for ea
h 0 ≤ i ∈ R, the higher unit groups (U⋄
X̃(L=K))i of the�eld X̃(L=K) were introdu
ed in (2.16). As in [8, (5.42)℄, for ea
h 0 ≤ n ∈ Zwe putQnL=L0 = 
L=L0 ((U⋄

X̃(L=K))n UX(L=K)=UX(L=K) ∩ im(�('d)L=L0)) ; (2.45)this is a subgroup of (U⋄
X̃(L=K))n YL=L0=YL=L0 . Now, the rami�
ation state-ment of Theorem 2.7 
an be reformulated for the generalized re
ipro
ity map���(')L=K 
orresponding to the extension L=K as follows.
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ation theorem). Let K be a lo
al �eld satisfying 
on-dition (2.34). For 0 ≤ u ∈ R, let Gal(L=K)u denote the uth higher rami�
ationsubgroup in the lower numbering of the Galois group Gal(L=K) 
orrespondingto the in�nite APF -Galois subextension L=K of K'd=K with residue-
lassdegree [�L : �K ℄ equal to d. Then, for 0 ≤ n ∈ Z, we have���(')L=K (Gal(L=K) L=K◦'L=L0 (n) −Gal(L=K) L=K◦'L=L0 (n+1))
⊆
〈1K×=NL0=KL×0 〉× ((U⋄

X̃(L=K))n YL=L0=YL=L0 −Qn+1L=L0) :Proof. In a

ordan
e with the general observation made in the �rst paragarphof the proof of Theorem 2.7, for 0 ≤ u ∈ R and for � ∈ Gal(L=K)u =Gal(L=L0)'L=K(u) we have���(')L=K(�) = (1K×=NL0=KL×0 ; �('′)L=L0(�)) ;where '′ = 'd. Thus, by the de�nition,���(')L=K(�) = (1K×=NL0=KL×0 ; 
L=L0 ◦ �('′)L=L0(�))= (1K×=NL0=KL×0 ;�('′)L=L0(�)) :Now, to prove the theorem, we take u =  L=K ◦ 'L=L0(n) and u′ =  L=K ◦'L=L0(n + 1). Then, the rami�
ation theorem (see [8, Theorem 5.27℄) showsthat, for any � ∈ Gal(L=K)u−Gal(L=K)u′ the se
ond 
oordinate of ���(')L=K(�)satis�es �('′)L=L0(�) ∈ (U⋄
X̃(L=K))n YL=L0=YL=L0 −Qn+1L=L0 ;be
auseGal(L=K)u = Gal(L=L0)'L=K(u) = Gal(L=L0)'L=L0 (n) = Gal(L=L0)nand likewiseGal(L=K)u′ = Gal(L=L0)'L=K(u′) = Gal(L=L0)'L=L0 (n+1) = Gal(L=L0)n+1;whi
h 
ompletes the proof. �Let K be a lo
al �eld satisfying 
ondition (2.34). Let M=K be an in�niteGalois subextension of L=K. Thus, by [8, Lemma 3.3℄, M is an APF -Galoisextension over K. We further assume that the residue-
lass degree [�M : �K ℄is equal to d′ and K ⊂M ⊂ K'd′ for some d′ | d. Let���(')M=K : Gal(M=K)→ K×=NM0=KM×0 × U⋄

X̃(M=K)=YM=M0



146 K. I. IKEDA, E. SERBESTbe the 
orresponding generalized Fesenko re
ipro
ity map de�ned for the ex-tension M=K. Here, as usual, M0 is de�ned by M0 = M ∩Knr = Knrd′ . Now,we �x a basi
 sequen
eLo = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ Lfor the extension L=L0. Using the notation of [3℄ and [8℄, for ea
h 1 ≤ i ∈ Zwe introdu
e an element �i in Gal(L̃=K̃) su
h that 〈� |Ei〉 = Gal(Ei=Ei−1).Next, for ea
h 1 ≤ k; i ∈ Z, we introdu
e the maph(L=Lo)k : ∏1≤i≤kU�i−1Ẽk →


 ∏1≤i≤k+1U�i−1Ẽk+1/U�k+1−1Ẽk+1 ;the map g(L=Lo)k : ∏1≤i≤kU�i−1Ẽk →

∏1≤i≤k+1U�i−1Ẽk+1and the map f (L=Lo)i : U�i−1Ẽi → UX̃(L=Ei) �Ei=Eo−−−−→ UX̃(L=K)as in [3℄ and [8℄. We �x the sequen
eMo = Eo ∩M ⊆ E1 ∩M ⊆ · · · ⊆ Ei ∩M ⊆ · · · ⊆Mfor the extension M=Mo and, for ea
h 1 ≤ k ∈ Z, de�ne a homomorphismh(M=Mo)k : ∏1≤i≤kU�i|M̃−1Ẽk∩M →


 ∏1≤i≤k+1U�i|M̃−1̃Ek+1∩M/U�k+1|M̃−1

˜Ek+1∩Mthat satis�es

 ∏0≤`≤f(L=M)−1('d′)`ÑEk+1=Ek+1∩M ◦ h(L=Lo)k= h(M=Mo)k ◦


 ∏0≤`≤f(L=M)−1('d′)`ÑEk=Ek∩Mand take any mapg(M=Mo)k : ∏1≤i≤kU�i|M̃−1Ẽk∩M →

∏1≤i≤k+1U�i|M̃−1̃Ek+1∩M
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
 ∏0≤`≤f(L=M)−1('d′)`ÑEk+1=Ek+1∩M ◦ g(L=Lo)k= g(M=Mo)k ◦


 ∏0≤`≤f(L=M)−1('d′)`ÑEk=Ek∩M ;again following the same lines of [3℄ and [8℄.Now, for ea
h 1 ≤ i ∈ Z, we introdu
e a mapf (M=Mo)i : U�i|M̃−1Ẽi∩M → UX̃(M=K)by f (M=Mo)i (w) = ÑL=M (f (L=Lo)i (v)) ;where v ∈ U�i−1Ẽi is any element satisfying∏0≤`≤f(L=M)−1('d′)`ÑEi=Ei∩M (v) =w ∈ U�i|M̃−1Ẽi∩M . Observe that if v′ ∈ U�i−1Ẽi is su
h that

∏0≤`≤f(L=M)−1('d′)`ÑEi=Ei∩M (v′) = w;then ÑL=M (f (L=Lo)i (v)) = ÑL=M (f (L=Lo)i (v′)).Indeed, there exists u ∈ ker(∏0≤`≤f(L=M)−1('d′)`ÑEi=Ei∩M) su
h that v′ =vu. Thus, we need to verify that ÑL=M (f (L=Lo)i (v)) = ÑL=M (f (L=Lo)i (vu)).That is, for ea
h 1 ≤ j ∈ Z, we need to 
he
k the relation
∏0≤`≤f(L=M)−1('d′)`ÑEj=Ej∩M (PrẼj (f (L=Lo)i (v)))= ∏0≤`≤f(L=M)−1('d′)`ÑEj=Ej∩M (PrẼj (f (L=Lo)i (vu))) :



148 K. I. IKEDA, E. SERBESTFor j > i, we have
∏0≤`≤f(L=M)−1('d′)`ÑEj=Ej∩M (PrẼj (f (L=Lo)i (v)))= ∏0≤`≤f(L=M)−1('d′)`ÑEj=Ej∩M (g(L=Lo)j−1 ◦ · · · ◦ g(L=Lo)i (v))= g(M=Mo)j−1 ◦ · · · ◦ g(M=Mo)i 

 ∏0≤`≤f(L=M)−1('d′)`ÑEi=Ei∩M (v)= g(M=Mo)j−1 ◦ · · · ◦ g(M=Mo)i 
 ∏0≤`≤f(L=M)−1('d′)`ÑEi=Ei∩M (vu)= ∏0≤`≤f(L=M)−1('d′)`ÑEj=Ej∩M (g(L=Lo)j−1 ◦ · · · ◦ g(L=Lo)i (vu))= ∏0≤`≤f(L=M)−1('d′)`ÑEj=Ej∩M (PrẼj (f (L=Lo)i (vu))) :Thus, the map f (M=Mo)i : U�i|M̃−1Ẽi∩M → UX̃(M=K)is well de�ned. Moreover, for j > i we havePrẼj∩M ◦ f (M=Mo)i = (g(M=Mo)j−1 ◦ · · · ◦ g(M=Mo)i )

|U�i|M̃−1Ẽi∩M :Indeed, for w ∈ U�i|M̃−1Ẽi∩M , there exists v ∈ U�i−1Ẽi su
h that
∏0≤`≤f(L=M)−1('d′)`ÑEi=Ei∩M (v) = w;and f (M=Mo)i (w) = ÑL=M (f (L=Lo)i (v)) :That is, the square U�i−1Ẽi f(L=Lo)i //

∏0≤`≤f(L=M)−1('d′ )`ÑEi=Ei∩M
��

UX̃(L=K)
ÑL=M

��U�i|M̃−1Ẽi∩M f(M=Mo)i // UX̃(M=K) (2.46)
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ommutative. Thus,PrẼj∩M ◦ f (M=Mo)i (w) = PrẼj∩M ◦ ÑL=M (f (L=Lo)i (v))= ∏0≤`≤f(L=M)−1('d′)`ÑEj=Ej∩M (PrẼj ◦ f (L=Lo)i (v))= ∏0≤`≤f(L=M)−1('d′)`ÑEj=Ej∩M ((g(L=Lo)j−1 ◦ · · · ◦ g(L=Lo)i )(v))= (g(M=Mo)j−1 ◦ · · · ◦ g(M=Mo)i )

 ∏0≤`≤f(L=M)−1('d′)`ÑEi=Ei∩M (v) ;whi
h is the desired relation.Now, we modify Lemma 5.28 of [8℄ and show that the norm map ÑL=M :

X̃(L=K)× → X̃(M=K)× introdu
ed in (2.17) and (2.18) possesses the followingproperties.Lemma 2.21. For the norm map ÑL=M : X̃(L=K)× → X̃(M=K)× introdu
edby (2.17) and (2.18), we have(i) ÑL=M (ZL=L0 ({Ei; f (L=Lo)i }
))
⊆ ZM=M0 ({Ei ∩M;f (M=Mo)i }

);(ii) ÑL=M ◦ 〈'〉L=M (YL=L0) ⊆ YM=M0 .Proof. (i) Re
all that ÑL=M : X̃(L=K)× → X̃(M=K)× is a 
ontinuous map-ping. Now, for any 
hoi
e of z(i) ∈ im(f (L=Lo)i ), the 
ontinuity of the multi-pli
ative arrow ÑL=M : X̃(L=K)× → X̃(M=K)× yields
ÑL=M (∏i z(i)) =∏i ÑL=M (z(i));where ÑL=M (z(i)) ∈ im(f (M=Mo)i ) by the 
ommutative square (2.46).(ii) For y ∈ YL=L0 , sin
e y1−'d ∈ ZL=L0 , it follows that ÑL=M (y1−'d) ∈ZM=M0 by part (i). Observe that

ÑL=M (y1−'d) = ÑL=M (y)1−'d = (ÑL=M (y)1+'d′+···'d′(f(L=M)−1))1−'d′ :Therefore,̃
NL=M (y)1+'d′+···'d′(f(L=M)−1) = ÑL=M ◦ 〈'〉L=M (y) ∈ YM=M0 ;as desired. �



150 K. I. IKEDA, E. SERBESTPart (ii) of Lemma 2.21 shows that the homomorphism ÑL=M ◦ 〈'〉L=M :
X̃(L=K)× → X̃(M=K)× indu
es a group homomorphism, whi
h will again be
alled the Coleman norm map from L to M ; this homomorphism

ÑColemanL=M : U⋄
X̃(L=K)=YL=L0 → U⋄

X̃(M=K)=YM=M0 (2.47)is de�ned by the formula
ÑColemanL=M (U) = ÑL=M ◦ 〈'〉L=M (U) :YM=M0 (2.48)for every U ∈ U⋄
X̃(L=K), where, as usual, U denotes the 
oset U:YL=L0 inU⋄

X̃(L=K)=YL=L0 .The following lemma is a re�nement of Lemma 2.10.Lemma 2.22. Let K be a lo
al �eld satisfying 
ondition (2.34). For an in�niteGalois subextension M=K of L=K su
h that the residue-
lass degree [�M : �K ℄is equal to d′ and K ⊂ M ⊂ K'd′ for some d′ | d, the following square is
ommutative: Gal(L=L0) �('d)L=L0 //resM
��

U⋄
X̃(L=L0)=YL=L0

ÑColemanL=M
��Gal(M=M0)�('d′ )M=M0// U⋄

X̃(M=M0)=YM=M0 ; (2.49)
where the right verti
al arrow is the Coleman norm map ÑColemanL=M from L toM de�ned by (2.47) and (2.48).Proof. It suÆ
es to prove that the squareU⋄

X̃(L=K)=UX(L=K) 
L=L0 //

ÑColemanL=M
��

U⋄
X̃(L=K)=YL=L0

ÑColemanL=M
��U⋄

X̃(M=K)=UX(M=K)
M=M0 // U⋄
X̃(M=K)=YM=M0is 
ommutative, whi
h is obvious. Then, uniting this square with the square(2.24), we obtainGal(L=K) �('d)L=L0 //resM

��

U⋄
X̃(L=K)=UX(L=K) 
L=L0 //

ÑColemanL=M
��

U⋄
X̃(L=K)=YL=K

ÑColemanL=M
��Gal(M=K) �('d′ )M=M0// U⋄

X̃(M=K)=UX(M=K)
M=M0
// U⋄

X̃(M=K)=YM=K
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ommutativity of the square (2.49) follows. �Thus, we have the following theorem, whi
h is a re�nement of Theorem2.11.Theorem 2.23. Let K be a lo
al �eld satisfying 
ondition (2.34). For anin�nite Galois subextension M=K of L=K su
h that the residue-
lass degree[�M : �K ℄ is equal to d′ and K ⊂ M ⊂ K'd′ for some d′ | d, the followingsquare is 
ommutative:Gal(L=K) ���(')L=K
//resM

��

K×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0

(eCFTL0=M0 ;ÑColemanL=M )

��Gal(M=K) ���(')M=K
// K×=NM0=KM×0 × U⋄

X̃(M=K)=YM=M0 ;where the right-verti
al arrowK×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0 (eCFTL0=M0 ;ÑColemanL=M )

−−−−−−−−−−−−−→ K×=NM0=KM×0
× U⋄

X̃(M=K)=YM=M0is de�ned by(eCFTL0=M0 ; ÑColemanL=M ) : (a; U) 7→ (eCFTL0=M0(a); ÑColemanL=M (U))for every (a; U) ∈ K×=NL0=KL×0 × U⋄
X̃(L=K)=YL=L0 . HereeCFTL0=M0 : K×=NL0=KL×0 → K×=NM0=KM×0is the natural in
lusion de�ned via the existen
e theorem of the lo
al 
lass �eldtheory.Proof. By the isomorphism de�ned by (2.1) and (2.2), for � ∈ Gal(L=K)there exists a unique 0 ≤ m ∈ Z su
h that � |L0= 'm and '−m� ∈ Gal(L=L0).Now, by de�nition,���(')L=K(�) = (�mKNL0=KL×0 ;�('d)L=L0('−m�)) :Thus, (eCFTL0=M0 ; ÑColemanL=M )(�mKNL0=KL×0 ;�('d)L=L0('−m�))= (eCFTL0=M0(�mKNL0=KL×0 ); ÑColemanL=M (�('d)L=L0('−m�)))= (�mKNM0=KM×0 ;�('d′ )M=M0('−m� |M ))



152 K. I. IKEDA, E. SERBESTby Lemma 2.22. Note that, by the existen
e theorem of lo
al 
lass �eld theory,we have eCFTL0=M0(�mKNL0=KL×0 ) = �mKNM0=KM×0 = �m′K NM0=KM×0 ;where 0 ≤ m′ ∈ Z is a unique integer satisfying (� |M ) |M0= � |M0= 'm′ and'−m′(� |M ) ∈ Gal(M=M0). Hen
e,
(eCFTL0=M0 ; ÑColemanL=M ) (���(')L=K(�)) = (�m′K NM0=KM×0 ;�('d′ )M=M0('−m� |M ))= (�m′K NM0=KM×0 ;�('d′ )M=M0('−m′(� |M ))) = ���(')M=K(resM (�))by Remark 2.2 part (i), whi
h 
ompletes the proof. �Let K be a lo
al �eld satisfying 
ondition (2.34). Let F=K be a �nite subex-tension of L=K. Thus, L=F is an in�niteAPF -Galois extension (see [8, Lemma3.3℄), where F satis�es (2.34). Fix a Lubin{Tate splitting 'F over F and as-sume that the residue-
lass degree [�L : �F ℄ is equal to d′ for some d′ | d andthat there exists a 
hain of �eld extensionsF ⊂ L ⊂ F('F )d′ :Then we have the generalized Fesenko re
ipro
ity map���('F )L=F : Gal(L=F )→ F×=NL(F )0 =FL(F )0 ×

× U⋄
X̃(L=F )=YL=L(F )0
orresponding to the extension L=F . Here, as usual, L(F )0 is de�ned by L(F )0 =L ∩ F nr = F nrd′ (we re
all that L(K)0 = L ∩Knr = Knrd ).Now, we �x a basi
 sequen
eL(K)0 = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ Lfor the extension L=L(K)0 . Using the notation of [3℄ and [8℄, for ea
h 1 ≤ i ∈ Zwe introdu
e an element �i in Gal(L̃=K̃) su
h that 〈� |Ei〉 = Gal(Ei=Ei−1).Next, we �x the sequen
eL(F )0 = EoL(F )0 ⊆ E1L(F )0 ⊆ · · · ⊆ EiL(F )0 ⊆ · · · ⊆ LL(F )0 = Lfor the extension, L=L(F )0 , as in [8, (5.55)℄. For 1 ≤ i ∈ Z, we introdu
e elements�∗i in Gal(L̃=F̃ ) that satisfy< �∗i |EiL(F )0 >= Gal(EiL(F )0 =Ei−1L(F )0 )as follows :(i) for i > io we put �∗i = �i;



GENERALIZED FESENKO RECIPROCITY MAP 153(ii) for i ≤ io we put�∗i = {�i if Ei−1L(F )0 ⊂ EiL(F )0 ;idEiL(F )0 if Ei−1L(F )0 = EiL(F )0 ;where io is de�ned as in [8, (5.55)℄. Then it is 
lear that, for ea
h 1 ≤ i ∈ Z,the elements �∗i of Gal(L̃=F̃ ) satisfy< �∗i |EiL(F )0 >= Gal(EiL(F )0 =Ei−1L(F )o );and that �∗i = �i for almost all i. Next, for all 1 ≤ k; i ∈ Z, we introdu
ethe map h(L=L(F )0 )k : ∏1≤i≤k U�∗i −1̃EkL(F )0 →
(∏1≤i≤k+1 U�∗i−1̃Ek+1L(F )0 )=U�∗k+1−1̃Ek+1L(F )0 , themap g(L=L(F )0 )k : ∏1≤i≤k U�∗i−1̃EkL(F )0 →

∏1≤i≤k+1 U�∗i −1̃Ek+1L(F )0 and the map f (L=L(F )0 )i :U�∗i−1̃EiL(F )0 → U
X̃(L=EiL(F )0 ) �EiL(F )0 =L(F )0−−−−−−−−→ UX̃(L=F ) as in [3℄ and [8℄. For ea
h 1 ≤k ∈ Z, we de�ne a homomorphismh(L=L(K)0 )k : ∏1≤i≤kU�i−1Ẽk →


 ∏1≤i≤k+1U�i−1Ẽk+1 =U�k+1−1Ẽk+1that satis�es Ñ∗Ek+1L(F )0 =Ek+1 ◦ h(L=L(F )0 )k = h(L=L(K)0 )k ◦ ÑEkL(F )0 =Ekand take any map g(L=L(K)0 )k : ∏1≤i≤kU�i−1Ẽk →

∏1≤i≤k+1U�i−1Ẽk+1that satis�es ÑEk+1L(F )0 =Ek+1 ◦ g(L=L(F )0 )k = g(L=L(K)0 )k ◦ ÑEkL(F )0 =Ek ;again following the same lines of [3℄ and [8℄.Now, for ea
h 1 ≤ i ∈ Z, we introdu
e the map f (L=L(K)0 )i : U�i−1Ẽi → UX̃(L=K)by f (L=L(K)0 )i (w) = �F=K(f (L=L(F )0 )i (v)), where v ∈ U�∗i−1̃EiL(F )0 is any element sat-isfying ÑEiL(F )0 =Ei(v) = w ∈ U�i−1Ẽi . Note that if v′ ∈ U�∗i −1̃EiL(F )0 is su
h thatÑEiL(F )0 =Ei(v′) = w, then �F=K(f (L=L(F )0 )i (v)) = �F=K(f (L=L(F )0 )i (v′)):



154 K. I. IKEDA, E. SERBESTIndeed, there exists u ∈ ker (ÑEiL(F )0 =Ei) su
h that v′ = vu. Thus, we needto verify that �F=K(f (L=L(F )0 )i (v)) = �F=K(f (L=L(F )0 )i (vu)). That is, for ea
h1 ≤ j ∈ Z, we need to 
he
k the relationPrẼj (�F=K(f (L=L(F )0 )i (v))) = PrẼj (�F=K(f (L=L(F )0 )i (vu))) : (2.50)For j > i, we havePrẼj (�F=K(f (L=L(F )0 )i (v))) = ÑEjL(F )0 =Ej (Pr ˜EjL(F )0 (�F=K(f (L=L(F )0 )i (v))))= ÑEjL(F )0 =Ej (Pr ˜EjL(F )0 (f (L=L(F )0 )i (v)))= ÑEjL(F )0 =Ej (g(L=L(F )0 )j−1 ◦ · · · ◦ g(L=L(F )0 )i (v))= g(L=L(K)0 )j−1 ◦ · · · ◦ g(L=L(K)0 )i (ÑEiL(F )0 =Ei(v)) ;by the properties of the mappings g(L=L(F )0 )k and g(L=L(K)0 )k . Thus, relation (2.50)follows, be
ause ÑEiL(F )0 =Ei(v) = ÑEiL(F )0 =Ei(vu). Therefore, the mapf (L=L(K)0 )i : U�i−1Ẽi → UX̃(L=K)is well de�ned. Moreover, for j > i, we havePrẼj ◦ f (L=L(K)0 )i = (g(L=L(K)0 )j−1 ◦ · · · ◦ g(L=L(K)0 )i )
|U�i−1Ẽi :Indeed, for w ∈ U�i−1Ẽi , there exists v ∈ U�∗i −1̃EiL(F )0 su
h that ÑEiL(F )0 =Ei(v) = w,and f (L=L(K)0 )i (w) = �F=K(f (L=L(F )0 )i (v)). That is, the squareU�∗i−1̃EiL(F )0 f(L=L(F )0 )i //ÑEiL(F )0 =Ei

��

UX̃(L=F )�F=K
��U�i−1Ẽi f(L=L(K)0 )i // UX̃(L=K) (2.51)
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ommutative. Thus,PrẼj ◦ f (L=L(K)0 )i (w) = PrẼj ◦ �F=K (f (L=L(F )0 )i (v))= ÑEjL(F )0 =Ej (Pr ˜EjL(F )0 ◦ f (L=L(F )0 )i (v))= ÑEjL(F )0 =Ej ((g(L=L(F )0 )j−1 ◦ · · · ◦ g(L=L(F )0 )i )(v))= (g(L=L(K)0 )j−1 ◦ · · · ◦ g(L=L(K)0 )i )(ÑEiL(F )0 =Ei(v)) ;by the properties of the mappings g(L=L(F )0 )k and g(L=L(K)0 )k , as 
laimed.Now, we modify Lemma 5.30 of [8℄ and show that the homomorphism �F=K :
X̃(L=L(F )0 )× → X̃(L=L(K)0 )× introdu
ed in (2.25) and (2.26) possesses thefollowing properties.Lemma 2.24. For the 
ontinuous homomorphism �F=K : X̃(L=L(F )0 )× →
X̃(L=L(K)0 )× introdu
ed by (2.25) and (2.26) we have(i) �F=K(ZL=L(F )0 ({KiF; f (L=L(F )0 )i })) ⊆ ZL=L(K)0 (

{Ki; f (L=L(K)0 )i }
);(ii) �F=K(YL=L(F )0 ) ⊆ YL=L(K)0 .Proof. (i) For any 
hoi
e of z(i) ∈ Z(L=L(F )0 )i , the 
ontinuity of the multipli
a-tive arrow �F=K : X̃(L=L(F )0 )× → X̃(L=L(K)0 )× yields�F=K (∏i z(i)) =∏i �F=K(z(i));where �F=K(z(i)) ∈ Z(L=L(K)0 )i by the 
ommutative square (2.51).(ii) Let y ∈ YL=L(F )0 . Then y1−'d′F ∈ ZL=L(F )0 (

{KiF; f (L=L(F )0 )i }
). Thus,�F=K(y1−'d′F ) = �F=K(y)1−'d′F ∈ ZL=L(K)0 (

{Ki; f (L=L(K)0 )i }
) by part (i). Nowthe result follows, be
ause 'd′F = 'dK by Remark 2.12. �Thus, the homomorphism �F=K : X̃(L=L(F )0 )× → X̃(L=L(K)0 )× de�ned by(2.26) indu
es a group homomorphism�F=K : U⋄

X̃(L=L(F )0 )=YL=L(F )0 → U⋄

X̃(L=L(K)0 )=YL=L(K)0 (2.52)



156 K. I. IKEDA, E. SERBESTde�ned by �F=K(U) = �F=K(U):YL=L(K)0 (2.53)for every U ∈ U⋄

X̃(L=L(F )0 ), where, as usual, U denotes the 
oset U:YL=L(F )0 inU⋄

X̃(L=L(F )0 )=YL=L(F )0 .Let ���('F )L=F : Gal(L=F )→ F×=NL(F )0 =FL(F )0 ×
× U⋄

X̃(L=L(F )0 )=YL=L(F )0be the 
orresponding generalized Fesenko re
ipro
ity map de�ned for the ex-tension L=F , where YL=L(F )0 = YL=L(F )0 (
{KiF; f (L=L(F )0 )i }

).The following lemma is a re�nement of Lemma 2.13.Lemma 2.25. Let K be a lo
al �eld satisfying 
ondition (2.34). Let F=K be a�nite subextension of L=K. Fix a Lubin{Tate splitting 'F over F and assumethat the residue-
lass degree [�L : �F ℄ is equal to d′ and F ⊂ L ⊂ F('F )d′ forsome d′ | d. Then the squareGal(L=L(F )0 )�('dK )L=L(F )0 //in
:
��

U⋄

X̃(L=L(F )0 )=YL=L(F )0�F=K
��Gal(L=L(K)0 )�('dK )L=L(K)0 // U⋄

X̃(L=L(K)0 )=YL=L(K)0 ; (2.54)
where the right verti
al arrow �F=K : U⋄

X̃(L=L(F )0 )=YL=L(F )0 → U⋄

X̃(L=L(K)0 )=YL=L(K)0is de�ned by (2.52) and (2.53), is 
ommutative.Proof. It suÆ
es to prove that the squareU⋄

X̃(L=L(F )0 )=UX(L=L(F )0 ) 
an. //�F=K
��

U⋄

X̃(L=L(F )0 )=YL=L(F )0�F=K
��U⋄

X̃(L=L(K)0 )=UX(L=L(K)0 ) 
an. // U⋄

X̃(L=L(K)0 )=YL=L(K)0
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ommutative, whi
h is obvious. Then, uniting this square with the square(2.29), we obtainGal(L=L(F )0 )�('dK )L=L(F )0 //in
:
��

U⋄

X̃(L=L(F )0 )=UX(L=L(F )0 ) 
an. //�L=F
��

U⋄

X̃(L=L(F )0 )=YL=L(F )0�L=F
��Gal(L=L(K)0 )�('dK )L=L(K)0 // U⋄

X̃(L=L(K)0 )=UX(L=L(K)0 ) 
an. // U⋄

X̃(L=L(K)0 )=YL=L(K)0 ;and the 
ommutativity of the square (2.54) follows. �Thus, we have the following theorem, whi
h is a re�nement of Theorem2.14.Theorem 2.26. Let K be a lo
al �eld satisfying 
ondition (2.34). Let F=K bea �nite subextension of L=K. Fix a Lubin{Tate splitting 'F over F and assumethat the residue-
lass degree [�L : �F ℄ is equal to d′ and F ⊂ L ⊂ F('F )d′ forsome d′ | d. Then the following square is 
ommutative:Gal(L=F ) ���('F )L=F
//in
:

��

F×=NL(F )0 =FL(F )0 ×
× U⋄

X̃(L=F )=YL=L(F )0(NF=K ;�F=K)
��Gal(L=K) ���('K )L=K

// K×=NL(K)0 =KL(K)0 ×
× U⋄

X̃(L=K)=YL=L(K)0 ; (2.55)
where the right verti
al arrow(NF=K ; �F=K) : F×=NL(F )0 =FL(F )0 ×

× U⋄
X̃(L=F )=YL=L(F )0

→ K×=NL(K)0 =KL(K)0 ×
× U⋄

X̃(L=K)=YL=L(K)0is de�ned by (NF=K ; �F=K) : (a; U ) 7→ (NF=K(a); �F=K(U)) for every (a; U) ∈F×=NL(F )0 =FL(F )0 ×
× U⋄

X̃(L=F )=YL=L(F )0 .Proof. Let � ∈ Gal(L=F ). There exists 0 ≤ m ∈ Z su
h that � |L(F )0 = 'mFand '−mF � ∈ Gal(L=L(F )0 ). We have���('F )L=F (�)=(�mF :NL(F )0 =FL(F )0 ×;�('dK)L=L(F )0 ('−mF �))



158 K. I. IKEDA, E. SERBESTand (NF=K ; �F=K)(���('F )L=F (�)) = (�mK :NL(K)0 =KL(K)0 ×;�('dK)L=L(K)0 ('−mF �))by the norm-
ompatibility of primes in the �xed Lubin{Tate labeling and byLemma 2.25. Now, there exists 0 ≤ m′ ∈ Z su
h that � |L(K)0 = 'm′K and'−m′K � ∈ Gal(L=L(K)0 ). By part (ii) of Remark 2.2, it follows that 'mF |L(K)0 ='m′K and '−mF � = '−m′K �. By the Abelian lo
al 
lass �eld theory, NF=K :�mF NL(F )0 =FL(F )0 ×
7→ �m′K NL(K)0 =KL(K)0 × = �mK :NL(K)0 =KL(K)0 ×: Thus,(NF=K ; �F=K)(���('F )L=F (�)) = (�mK :NL(K)0 =KL(K)0 ×;�('dK)L=L(K)0 ('−mF �))= (�m′K :NL(K)0 =KL(K)0 ×;�('dK)L=L(K)0 ('−m′K �)) = ���('K)L=K (�);whi
h 
ompletes the proof. �Finally, the inverseHHH(')L=K = (���(')L=K)−1 of the generalized Fesenko re
ipro
itymap ���(')L=K de�ned for the extension L=K is a generalization of the Hazewinkelmap for in�nite APF -Galois subextensions L=K of K'd=K satisfying [�L :�K ℄ = d and under the assumption that the lo
al �eld K satis�es 
ondition(2.34). More pre
isely, the following is true.Proposition 2.27. The squareK×=NL0=KL×0 × U⋄

X̃(L=K)=YL=L0 HHH(')L=K
//(idK×=NL0=KL×0 ;PrK̃)

��

Gal(L=K)mod Gal(L=K)′
��K×=NL0=KL×0 × UL0=NL=L0UL hL=K

// Gal(L=K)abis 
ommutative, where hL=K : K×=NL0=KL×0 × UL0=NL=L0UL → Gal(L=K)abis the Hazewinkel map of L=K. Referen
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